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Abstract 
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1 Introduction. 

m+7 

The present paper is devoted to studying of some weighted Holder spaces Cn,uj^ ’ 
These spaces are designed in the way to serve as a framework for consideration 
of different statements for the thin him equations in weighted classes of smooth 
functions in the multidimensional setting. These spaces can serve also for con¬ 
sidering of other equations with the degeneration on the boundary of the domain 
of dehnition, for example, in the spirit of [1]. 

The literature on the subject of the thin him equations is very numerous but 
almost all results with sufficient regularity are devoted to the case of one spatial 


1 


variable. As a possible target for an application of the spaces we only 

mention the papers m- [i6]- 

The spaces Cn,^^’ arise at the considering linearised version of the thin 
film equations. Let us explain this on the example for the thin film equation 
in the case of partial wetting (see, for example, [2] for the accurate statement). 
Consider the thin film equation of fourth order for an unknown function h{x, t) 
(compare [T7] i 

dh 

— + V{h^VAh-pVh) = f{x,t) in 

where n > 0 is fixed, hi is a half space hi = {(x,t) : x = 

0,t > 0}. Consider also partial wetting conditions at xn = 

dh 

h(x',0,t)=0, -—(x',0,t) = l (1.2) 

(JX]\[ 


n , (1.1) 

{x',Xn) e R^,Xn > 
0 


and an initial condition 

h{x, 0) = w{x). 

From fll.2p it follows that we must have for w{x) 


w{x', 0) = 0, 


dw 

dxN 


(x', 0) 


1 . 


(1.3) 


(1.4) 


Consequently, we have 

w{x) ~ xat, xn —)■ 0. (1.5) 

The linearization of equation fll.ip at the initial datum w{x) means that we denote 
in fll.ip h = w + u and extract linear with respect to u part (we also drop lower 
order terms). Formally, one can just replace h” by w"' in (II.ip and replace h by 
u in other places of this equation. Taking into account (11.5p and replacing w by 
just Xat, we arrive at 


— + V(x)(rVAM —/5Vn) =/(x, t) in hi. (1.6) 

at 

For second order equations this procedure is described in details in, for example, 
[T8] . |T9] . jl], and for fourth order see jl6], |2], |3] formula (13), |1] formula (7). 

If we are going to consider equations (II.6p (and correspondingly (ll.ip 1 in 
classes of Holder functions we have to consider f{x,t) in (II.6p from some (may 
be weighted) Holder class. This leads to the consideration of V{x^'VAu) from 
the same weighted Holder class. In our definition below this will be the class 

Cn („/ 4 )(" • III fli6 cs-se of second order equations such classes were used in fact in 
[20] - [22] . [1], where the papers [20]- [22] are based on the Carnot-Caratheodory 
metric and the paper |T| is based on classes Cn,uj'y’ . Note that we consider 
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the framework of classes Cn,w'y ’ as an alternative for considering the Carnot- 
Caratheodory metric for studying degenerate equations in classes of smooth func¬ 
tions - [20]- [22], [IS]- 

Note that in the case of elliptic equations more simple weighted Holder classes 
with unweighted Holder constants can be used - [23], m- The reason is that in 
the elliptic case no agreement between smoothness in x-variables and t- variable 
is needed. 

Let us turn now to exact definitions and to the main results. 

Denote H = {x = [x', x^) G : x^ > 0} , Q = {{x,t) : x ^ H, —oo < t < 
oo}. And we note at once that all the reasoning and statement below are valid 
in evident way also for Q+ = {{x,t) : x E H,t > 0} instead of Q. Let m be a 
positive integer and let n be a positive number, n < m. Denote 


u = njm < 1. 

Let CZ^{H), 7 e (0,1), be the weighted Holder space of continuous functions 
u{x) with the finite norm 


where 


u 


( 7 )_ 



' ' H ' ' ^ 




(1.7) 


I |(0) I ^ I / \(7) |'u(2)) 'u((r)| , — , 

\u\^'=max\u{x)\, sui^(a;jv) —^- =t -—, Xj^ = max{xN, xn\- 

x,x&H F ^1 

( 1 . 8 ) 

Thus represents a weighted Holder constant of the function u{x). We 

suppose that 

n < m, , if n is a noninteger (1 — uj)'y = 'y (l — — ) < min({n}, 1 — {n}), 

V mJ 

(1.9) 

where for a real number a ,{a} is the fractional part of a, [a] is the integer part 
of a. This assumption is technical and it allows us, for example, to consider the 
functions x^^ as elements of C2^{H) for all integer j < n. 

Remark 1 Note that in terms of the Carnot-Caratheodory metric seminorm 
(ESI) is equivalent to 


( 7 ) \u{x)-u{x)\ 

sup -7-—-, 

x,xAH s{x,x)'r 

where the Carnot-Caratheodory distance is defined as 

s{x, x) 



\x — X 


\x — x\ 

^ J_ _L 
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In the case of m = 2, n & (0,1) this was proved in and the general case is 
quite similar but one should also take into account Proposition^^ below. 

In the similar way we define the Holder seminorms with respect to each vari¬ 
able separately 


(u) 


(7) _ 


= snp {x 

x,xGH 


\ui'y 

n) 


\U 


x) 


U[X] 


h'f 


x*j^ = ma.x{xN,XN},i = I, N, ( 1 . 10 ) 


where x = (xi, ...Xi, xat), x = (xi, ...Xi -|- h, xat), h > 0. 

In the standard way we denote by and usnal unweighted 

Holder seminorms with respect to each variable separately, with respect to x' = 
{xi, ...,XAr_i) or with respect to all x-variables. 

Define a weighted Holder space {H) as the space of continuous functions 
u{x) with the finite norm 


(m+7) 

n^LO'y^H 



^m+'y 

^n,uj^ 


(H) - 


j<n 

= i«g'+ 5: \Dy\i+Yl H (1.11) 

0<\a\<m—n j=0 \a\=m—jy 

OLjsiy^m—n 

Here a = (ai, ...,Q!Ar) is a multiindex, |a| = ai + ... -f ttAi, = Df^...Dfyu. 
Note that we do not include in the definition of the norm the term 
in the case of an integer n. The reason is that this term is finite only in the case 
of the special behaviour of x'^Dff^u —)■ 0 at x^v —t 0. This issue will be explained 
below. For the spaces with the finite term in the case of an integer 

n we use the notation with cap. That is the space is the space with 

the finite norm 

-—-(m+7) 

Pln,a;7,H = 11 “ 11 e;((+-7 (1?) = 


= \U 


H 


CX. I O' 

xu\l 


j<n 

T. T. 

0 <\a\<m—n j= 0 \a\=m—j 

We will show below that the norm fll.lip is equivalent to the norm 


+ E 1^- 


n —7 'Tycx I 


( 1 . 12 ) 


'(m+7) 


N 


\U\ 




(7) 


H 


(1.13) 


i=l 


and the norm fll.l2p in the case of an integer n is equivalent to the norm 

^(m+ 7 ) N 


\U 


r.^J, = (“S’ + ■ (1-14) 

Z=1 
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We also consider a space of functions u{x,t) with the hnite norm 

= ||m|| (1-15) 

where 




x,x&Q 


and is the usual Holder constant of u over Q with respect to t with the 


* lU{x,t) -u{x,t)\ 


\x — xr 


, x*j^ = max{xN,XN}, (1.16) 


m+7 _ 

exponent ■y/m. Analoeouslv to 01.lip. 01.12p we consider the snace iQ) 

with the hnite norm 


\u 


(m+7) _ 

n,<jj'y,Q 


\U\\ 1 m+7 

^n.oj-v 


(Q) 


I i(o) 

= i“iij 


+ E 1^ 

0<\cx\<m—n 


j<n 

““ft+E E 


'Q 






j=0 |Q|=m-j, 

Oijsi^m—n 


and the space (Q) with the hnite norm 


md-7 


--(m+ 7 ) 

\n,u)^,Q 


C, 


m+ 7 , 


■(Q) 


I i(o) 

= I“l5 


+ E 1^. 


j<n 

“++E E 


W-d>i17-ha«i"7 (1-18) 


aJ 7 ,Q‘ 


0<|Q|<m—n i=0|Q|=m—j 

And again we will show that the norm 01.17p is equivalent to the norm 

N 


“ii:7=i“ig'+E 


^(7m) 

■>Q 


2=1 


(1.19) 


and the norm fll.lSp in the case of an integer n is equivalent to the norm 


~(m+7) 

\'^\n,u]'y,Q 



+ (-D™ ”« 


\ ( 7 ) 

/ ui'y,Xff,Q 


N 




2=1 


+ (Dtu) 


(7m) 

t,Q 


( 1 . 20 ) 
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Namely, we have the following estimate which is one of the main results of 
the present paper. 

Recall that is the usual Holder constant of Dtu over Q with respect 

only to t with the exponent 7 /m and ^ is the weighted Holder 

constants of the "pure" derivatives x‘%D^.u with respect only to the corresponding 
variables Xt with the same index i, i = 1, N. That is 


\ jv / uj-yjXijQ 


sup 

{x,t),{x,t)£Q 


(^At) 


ij'y 


\u{x,t) — u{x,t)\ 


Xi 


Xi 


, x% = max{xN,XN}, 


where sup is taken over x = {xi, Xj, ...xn), x = (xi,x*, ...xn). 


Theorem 2 Let u{x,t) be continuous in Q and the right hand side in fll. 2 ip 
below is finite. Then for some C = C{N, 7 , m, n) 


{u) 


n,(jj'y,Q 


j<n 




j<n 


( 1 +i) 


j= 0 \a\=m-j 


j =0 \a\=m-j 


E E TiDiATi 


j<m—n 


({m—n+(l—a;)7}) 


+ 


j =0 \a\ = [m-n-\-{l—u})'y]—j 

j<m—n 


E E 

j=0 \oi\ = [m—n-\-'y]—j 


j<m—n 

■ E E 

j=l \a\=j 


O_L 

7/\ _ 


+ -) 
' m ' 


N 


SC E 




(7) 


( 7 /m) 




( 1 , 21 ) 


. i=l 


where, [a] and {a} are the integer and the fractional parts of a real number a 
correspondingly and in the left hand side of fll. 2 ip included only those terms that 
are finite. 

Moreover, 


xfi ^Dfu{x, t) —)■ 0 , xtv —)■ 0 , 0 < j < n, a = (oi, a^), |q;| = m—j, < m—j. 

_ ( 1 - 22 ) 
If u{x) is continuous in H and the right hand side in fll.23p below is finite 
then for some C = C{N, 7 , m, n) 
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j<n 


j<m—n 



j=0 \a\=m-j 


j=0 |o| = [m—71+7]—j 


j<m—n 


N 



(L23) 


and in the left hand side of fll.23p included only those terms that are finite. 
Moreover, 


^Dfu{x) —)■ 0, xn —^0, 0 < j < n,a = (ai, oat), |a;| = m—j, < m—j. 

(1.24) 


Note that Theorem [2] is an analog for weighted Holder spaces of well known 
properties of standard Holder spaces. We are going to use these known properties 
so we formulate them in the next section. 

Let us stress that the assumption that the terms in the left hand side of 
fll.2ip . fll.23p are finite is essential. Consider in {{xi,X 2 ) : X 2 > 0} for m = 2 the 
function u{x) = x\x\~^, where n G [0,1). For this function the right hand side 
of fll.23p is zero but the Holder seminorms of the mixed derivative in 

the left hand side are inhnite. 

The further content of the paper is as follows. In section |2l we formulate some 
known results about classical Holder spaces and prove some useful statements 
about weighted Holder spaces for further using. Section [3] is devoted to the 
proof of Theorem |2J In section HJ we consider properties of mixed and lower 

order derivatives of functions from the space (Q). In section [5] we 

study traces of functions from Cn, uj - y ' ™ (Q) at {xat = 0}. Section [6] contains 

m+7,^2-!:^ _ , _ 

some interpolations inequalities for functions from Cn,ujy ™ (g), C-+7(i7). In 

sectionHwe consider the spaces Cn, ujy’ ™ {^t), in the case of arbitrary 

smooth domain. At last, section E] devoted to some properties of functions from 

^n,ujy’o (^t), where the last is the closed subspace of Cn,ujy’ (I^t) consisting 
of functions u{x, t) with the property u{x, 0) = Ut{x, 0) = 0 in hi. 

2 Auxiliary assertions. 

Let M be a positive integer. In the space we use standard Holder spaces 
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C\R^), where I = ■■■,1m), k are arbitrary positive non-integers. The 

norm in such spaces is dehned by 


M 


I II = I 


= \U 


(0) 

RM 




(ll) 

Xi,R^ ’ 


2=1 


( 2 . 1 ) 


(n) 


ik) 

Xi,RM 


sup 

xeRM,h>o 


Dti^u{xi, ...,Xi -i- h, ...,xm) - Dti^u{x) 


j^h [h] 


( 2 , 2 ) 


where [/j] is the integer part of the number /j, Dxfu is the derivative of order [/j] 
with respect to the variable Xi of a function u. 


Proposition 3 Seminorm fl2.2p can he equivalently defined by (JEBjjJESi, ) 


in) 


ik) 

Xi,RM 


sup 

xGR‘^,h>0 


|A^ 

h,x-t 


U[X 


)i 




k > h 


(2.3) 


where Ah,xiU{x) = u{xi, ...,Xi + h, ...,Xn) —u{x) is the difference from a function 
u{x) with respect to the variable Xi with a step h, Aff^^.u{x) = A^^xi = 

[Ah^xi)^ u{x) is the difference of power k. 


The same is also valid not only for the whole space but also for it’s subsets 
of the form R^ fl {xi^^Xi^, ■■■,Xi^ > 0} with K < M. Note that below we prove 
an analogous statement for weighted spaces. 

It is known that functions from the space C\R^) have also mixed derivatives 
up to dehnite orders and all derivatives are Holder continuous with respect to all 
variables with some exponents in accordance with ratios between the exponents 
li. Namely, if fc = (/ci,..., kM) with nonnegative integers ki, ki < [k], and 

N , 

^=1-Y^Y>0, (2.4) 

2=1 

then (see for example [ 2 ^ ) 

Dia[x) e C^R"'), IIcIkIIcIikm, < (2,5) 

where 

d = {di, ...,dM), di = uli. (2.6) 

Moreover, relation fl2.5p is valid not only for R^ but for any domain fl C R^ 

with sufficiently smooth boundary and we have 


\d: 


u\ 


cd-in) 




(2.7) 


8 







For special domains of the form 17+ = n {xi-^,Xi 2 , > 0} we have even 

more strong inequality just for seminorms 


M 


k 


M 




r2+ 


( 2 . 8 ) 


2=1 


Here the sum is taken over all k with the property f|2.4|) and di are defined in 

(ESD. 

The analog of this estimate for an arbitrary smooth domain 17 (including 
bounded domains) is 


k *=1 




(2.9) 


with arbitrary di < di. Note that inequalities fll.2ip and f|1.23p are in fact a 
particular cases of f| 2 . 8 p for weighted spaces. 

It turns out that the weighted space C2.y{H) is embedded into the usual space 
[H). Namely, we have the following assertion. 


Proposition 4 Let a function u{x) G Then u{x) is continuous in H 

and 


{u) 


{i^i) 

x,H 


<C{u) 


(7) _ 


( 2 . 10 ) 


Proof. 

We consider the Holder property with the exponent 7 —cay of the function u{x) 
with respect to the variable xj^ and with respect to the variables x' separately. 
Consider the ratio with h > 0 


^ \u{x',xn + h)- u{x',xn)\ _ \u{x', XN + h)- u{x', Xjv )I ^ 




h'y 


< {x]\f + 


\u{x\xn + h) - u{x\xn)\ ^+ + ( 7 ) 




<{ur' Tj- 


Thus it is proved that at least on open set H 

< («>.' 

Let now h = (hi,..., hiv-i). Consider the expression 

\u{x' + h, Xn) — u{x', X7v)| 


>(7) _ 


Ah = 


\h\ 


'y—Lj'y 


( 2 , 11 ) 
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If \h\ < X]\f/2 we can write 


^ ^ |T|^-y \u{x' + h, Xn) - u{x', Xn) I ^ 

' ' |7^|^ 


^ ^ ^^ \u{x' + h,XN) -u{x',xn)\ ^ ^ , > (^) 

— 1 ^ 1 ^ — ^'^/uj'y,x',H ■ 


If now \h\ > X]\f/2, then we estimate Ah as 

\u{x' + h, X]y) — u{x' + h,XN + 2 


Ah < 


\h\- 


( 2 . 12 ) 


\u{x' + h,XN + 2\h\) — u{x',xn + 2|h|)| |■u(a;',a;^r + 2|/i|) — u{x',xn)\ 


\h\ 


7—LJ7 


\h\ 


'y—uj^ 


2=1 


The estimates for Ii and Is follow from fl 2 . 1 ip and the estimate for I 2 follows 
from fl2.12p because in this case \h\ < {xn + 2|h|)/2. Thus in this case 

Ah < -jj + u. 

Consequently, it is proved that on open set H 


{u) 


( 7 - 1 ^ 7 ) 

x',H 


<C{u) 


(7) _ 

LJ'y,x,H 


From fl2.1ip and fl2.13p it follows that 


(2.13) 


(n) 


(7-aj7) 

x,H 


<C{u) 


(7) _ 

u}'y,x,H 


This means that u{x) has a hnite limit as xn —)• 0 and consequently can be 
dehned at xat = 0 as a continuous function with (12.1 Op . Thus the proposition 
follows. ■ 

We need also the analog of relation (11.7p for weighted seminorm. 


Proposition 5 Let / = m + 7 > 0 be noninteger, m = [/], , 7 G (0,1), and let a 
funetion u{y) G C^.^([0, cxo)), oj G (0,1), in the sense that 


y,h>0 


+ h) 


Dm 

y 


u{y)\ 


h'y 


< 00 . 


Then for any integer k > I 


(2.14) 


<C, 

\ y / LO'y^v — 


^'y,y 


.fc sup y 

y,h>0 


,CtJ7 


\^hu{y)\ 




^ Ch ((«)) 


dm 

u}'y,y ’ 


(2.15) 


where A’^u{y) is the k-th difference with the step h, A\u{y) = Ahu{y) = u{y + 
h) —u{y), A\u{y) = Ah{A’f~^u{y)). Note that the inverse ineguality to (I2.15p is 
evident because of the mean value theorem. 
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Proof. The idea of the proof is taken from [2S] and demonstrates also the 
main idea of the proof of Theorem [2J Let e: G (0,1) be hxed and will be chosen 

later. To prove fl2.15p we represent as 


(y+hr 

y,h>ey 


\D]^u{y + h) -D^u{y)\ 
h'y 


iDl^uiy + h) — Dl^u(y)\ . \ MCe+'i / \ Wfe-) 

+ sup (y + ^ ^ -r- y_^ ^ ^ 

^ ' hi ' y ' u)^.v \ y /u 

y^Q<h<£y 






We are going to consider the two cases for the relation between i^D'^u) 


and {D'^u) 


(7)(£-) 
^'i,y 


(2.16) 

(7)(£+) 

‘^'i,y 


Suppose hrst that 


and consequently 


(■orbllT’s Tr“> 


(7)(e+) 

y^i,y 


< 2 (T)>) 

\ y / Lij'y,y — \ y / (jj^,y — \ y / 

We prove that in this case 


(7)(e+) 

‘^'r,y 


s c,. sup 


‘^i,y 


y,h>0 


\Ky(y)\ 

h‘ 


(2.17) 


(2.18) 


(2.19) 


The proof is by contradiction. Suppose that fl2.19p is not valid. Then for any 
positive integer p there exists a function Up{y) G Cl^{[0, oo)) with 


sup {y + h) 
y,h>ey 


Consider the functions 


^^ ,D^Up{y + h) - D^Up{y)\ 


hi 


Wp{y) = 


> p sup y 
y,h>0 


^tup{y)\ 

h 


( 2 . 20 ) 


Up{y) 


(D^Up) 


(7) 

y 


( 2 . 21 ) 


For such functions we have by the dehnition and by 02.2011 . 02.18p 


m„.. \(7) 


{D>. 


y y / ^iiy 


= 1 , 


y,h>£y 


DyWp {y + h) -D^Wp{y)\ ^ 1 
hi “ 2 ’ 


sup {y + /i)-7^T2T^^T- y —' > 


sup y 

y,h>0 


.coy \^hMy)\ < 1 


h 


p 


( 2 . 22 ) 

(2.23) 
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It follows from the second relation in fl2.22p that there exist sequences {up] C 
[0, cxo) and {hp} C (0, cx)) with 


I '^p^yp ^y'^p{yp)\ ^ 1 

yUp + Upj ^ ^. 


(2.24) 


Now we apply the scaling arguments. Define the sequence of scaled functions 
{Vp{z)}, z e [0,CX)), 


Vp{z) = hp^-^^-‘^'^^Wp{zhp). (2.25) 

It follows from this definition and from (12.22^ - fl2.24p that 

= 1. < t (2.26) 

' z,h>Q II P 

{z^ + iriD^Vpizp + 1) - D>p(^p)| > i (2.27) 

where Zp = Up/hp. Let now Pm\z) be the Taylor polynomial of the degree m 
for the function Vp{z) at the point, for example, z = 1. Since D'^Pm\z) = const 
and k > m in fl2.26p . we have for the functions rp{z) = Vp{z) — Pm\z) 

{DTr,)‘-X. = 1. sup < 1, (2.28) 

z,h>o n,'- p 

{z, + ir\Dy^(z, + 1) - Drr,{z^)\ > 1. (2.29) 

From PropositionlU the first relation in fl2.26p . and from the fact that DVp(l) = 
0 , z = 0, m it follows that 

||rp||^^+(i_.),(^) < C{K) = CR^, (2.30) 

where iF is a compact set in [0, cxd), 77 C [0,i?], i? > 0. From this and the 
Arzela theorem we conclude that (at least for a subsequence) DRp{z), i = 0,m, 
uniformly converge on compact sets K to some function r{z) and it’s derivatives 

DRp{z) DR{z), i = 0,m. (2-31) 

This, together with the first relation in 02.281) . in particular, gives 

(DrOht + < 1. (2.32) 

Let now z, h > 0 be fixed. From 02.281) it follows that 
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p 

and letting p ^ oo we obtain A^r{z) = 0. As z and h are arbitrary we conclnde 
that 


A’lr{z) = 0, z,h>0, 

and conseqnently r{z) is a polynomial of degree not greater than k — 1. Moreover 
D^r{z) is not a constant becanse of fl2.29p . Indeed, consider the seqnence {zp}. 
Since we are considering Ai{e) with the condition h > ey, we have 0 < Zp = 
Up/hp < 1/e. Therefore for a snbseqnence Zp Zq, n ^ oo. Then it follows from 
fl2.29p and fl2.3ip that 

(z„ + ir\DTr(z„ + l)-DTr(z„)l>l 

that is D"^r{z) is not a constant polynomial. Bnt this fact contradicts to (I2.32p 
since a non constant polynomial can not have finite seminorms as those in (12.321) . 
This contradiction shows that fl2.19p is valid with some constant and in this 
case we have also fl2.15p with snch by virtne of fl2.18p . 

Snppose now that \ In this case we have instead 

^ ^ \ y / — \ y / LO'y,y 

of dsn 


^ < (DZ/uV^’ < 2 (T)>) 

\ y / — \ y / (jj'y.v — \ y / 


uj^,y 


( 7 ) 

‘zi'y,y 


, (7)(£-) 


We prove in this case the estimate 


(2.33) 


. (2.34) 

where Ck does not depend on £ G (0, l/(8/c)). We apply some local considerations 
aronnd arbitrary point in [0, 00 ) . Let ?/o > 0 and 0 < h < eyo be fixed. Let 
B = [ 1 / 0 / 4 , 7|/o/4] be a ball with center in yo and of radins Syo/i. Denote by 
ri{y) G C'°°([0, cxo)) a smooth fnnction with the properties 


viy) = - yo\ < viy) = oAy-yo\>^yo, \Dyviy)\<Csyo". ( 2 . 35 ) 

Withont loss of generality we can assnme that 

Dlu{yo) = 0, i = 0, l,...,m. (2.36) 

If it is not the case we can consider u{y) = u{y) — Py/A\y) instead of m(//), 
where PyA\y) is the Taylor polynomial of u{y) of power m at the point y^. It 
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is possible because AhD^u{y) = AhD^u{y) and A^u{y) = A^uiy). Denote also 
v{y) = u{y)r]{y). Keeping in mind the definition of \ we have by 

virtue of the properties of rj in (I2.35p and h < eyo < yo/4 


= (so +hr 


+ h) 


Dm 

y 


uiyo)\ 


h'y 


= ( 2/0 + hr 


\Dr(yo + h)- ^^^( 2 / 0)1 

h^f 


^ {yo + hr • 


(2.37) 


Note that the truncated function v{y) = u{y)ri{y) G 00)) , that is to the 

usual space without a weight. Thus by fl2.3p we have (/ = m + 7) 


A < C sup 

y,h>0 


^hviy)\ 


The ratio in the right hand side of this inequality has the form 


(2.38) 


^hvjy) ^ Afe {u{y)v{y)) ^ A A{u{yl''^)Al ^7(2/^’'^) 

^ * hi 

i=0 


^hu{y) 

hi 


k-l 


vihk^) + 

i=0 


A>(s.<"))A7‘s(y.'’'*) 

hi 


k-l 

Ik + 'y^iii 

i=0 


(2.39) 


where = 2/ + “^ih, y^P^ = 2/ + "mih, and n* < k, rrii < k, Ci < C{k) are some 
integers. Evidently, by virtue of 02.351) 


Ik\ < 


sup 

y€B,h>0 


AfeM( 2 /)| 

hi 


(2.40) 


Let us estimate expressions li in 02.39p . First, it follows from 02.35p and the 
mean value theorem that 


|A7s(9h)l < (2.41) 

Besides, as it follows from 02.36p . 

|D>(s)| < C\y - s„r+’-‘ . » 6 B. 1 = 07 s. 

Since £ < l/(8fc) is sufficiently small and h < ey^, it follows from the last in¬ 
equality and the mean value theorem that 


A1«(!/'"’)| < Ct 


hV*-’-' , ■! < m, 

ym+; (£)”ti)7 , m <i < k - 1. 


(2.42) 
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From fl2.4ip and fl2.42l) we have (h < eyo) 


= {D7u)^b < ( 2 - 43 ) 


= {D7^)^b ^ (^r“>? ’ m<i<k-l. (2.44) 

From fl2.37p - (12.40^ . fl2.43p . and fl2.44p it follows that the expression A7°'^\e) in 
fl2.37p is estimated as follows 


4'”''‘>(£)<C»(y„+ /!)“’ sup + C^-^feo + Ar4-D»B'■ 

y€B,h>0 

Since h < eyo and on the ball B we have |/o/4 < y < 7r/o/4, we infer 

Aiyo,h)fr-\ ^ r.,,^ ^,u7^hA‘^y')\ I / n'm^,\{i) 

Tls (£) < Ck sup y --- + CkS {By u) . 

yeB,h>0 'i 

As the point y^ is arbitrary, we obtain fl2.34p . 

Combining now estimates fr2.19p and fl2.34p . we obtain with e < l/8k 


^ *>“p 

' ^ y,h>0 


.(B'y 


\^tu{y)\ 


+ CkS^-^ (D^u) 


(7) 

‘^i,y' 


Choosing now e in the last term sufficiently small and absorbing this term in the 
left hand side, we arrive at the assertion of the proposition. 


As a corollary we have the following assertion. 
Proposition 6 Let a function u{x) be defined in H and 


= sup 


' uj'y,x,H 


x,h£H 


\u{x + h) — u{x)\ 

W 


< CX ), 7 6(0,1). 


Then for any integer k>l there is a constant {k,N,'y,uj), i = 1,2 


with 


^ ®up (2-45) 


x,hGH 


IhV 


' ijj'y,x,H 
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and 


< C, 

' ' ' ' cJ7,x,ii ^ 


( 2 ) /„,\(7) 


“) H 
' uj'y,x,H 


(2.46) 


Proof. 

We prove only fl2.45p because fl2.46p can be checked directly. 

It is enough to verify the weighted Holder property with respect to x' = 
(xi,..., xat-i) and xn separately. Let hrst x' be hxed and h = (0,..., 0, h), h > 0. 
Then 


{xn + 


\u{x + h) — m(x)| 

W 


_ \u{x',XN^h)-u{x\xN)\ 

— [Xn + tiN) -- 

by Proposition [5l Let now xn be hxed and h = 
= 0. Then 


<Cu 


( 1 ) 


((«)) 




{hi ,..., Hn-i, 0) — 


(2.47) 
(h', 0 ) with 


{xn + hNY^ 


\u{x + h) — u{x)\ 

W 


_ 0^7 


= X 


\u{x' + h', Xn) — u{x', xat)! 


N 


< 


< xY sup 


\/S.I,u{x',xn)\ _ ( 1 ) 


= sup X 


VIT' 


< cr’ (2,48) 


|L/|7 I 

x',h' \n \ x\h' \n 

by f|2.3p . The assertion of the proposition follows now from fl2.47p and fl2.48p . 


Corollary 7 The seminorms 


/ \ ( 7 ) * \co'y \U[X) U[X)\ ^ 

= sui^(x^) — I I , Xn = max{xiv,xjv} 

x,x&H \X X\ 


with x*j^ = max{x 7 v, xn} and 


nW \u{x) - u{x)\ _ . r - 1 

Wuj-y,H = snp_{xN) — I _ _| —, Xn = mm{XN,XN} 

x,x&H F xy 

with Xn = min{xAr,XAr} are equivalent. 
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For the proof of this corollary it is enough to choose A; = 1 in fl2.45D . 

Let now we are given a function u{x, t) G Cn,^^’ (Q). We are going to con¬ 

struct an analog of Taylor polynomial for such a function at the point O = (0, 0). 
Under this we mean some "power-like" function Qu{x,t) with the same asymp¬ 
totic at {x,t) —)■ (0,0) as that of u{x,t). The simplest situation for constructing 
of such a function is when u{x,t) is smooth with respect to the tangent space 
variables x' and it’s derivatives with respect to these variables need not weights 
near {xat = 0}. We are going to achieve this situation by the smoothing process 


—oo 


(2.49) 


where a;£(a;', f) = £ ^u{x'/e,t/e), e > 0,u;{x',t) G is a mollifier with compact 
support and with unit total integral. For such more smooth function we have 


x^ ^D'^Us{x, t) —)■ 0 , xat —)• 0 , 0 < j < n, a = (ai,..., a^), |a| = m—j, < m—j. 

(2.50) 

This means that for the mixed derivatives D°u^{x, t) of order \a\ = m — j > 

(that is when a derivative D'^Us{x,t) does not coincide with the pure derivative 
D^~^Us{x,t)) we have the property as in 02.501) . It turns out that O2.50p is valid 
in fact for the function u{x,t) itself without smoothing. But this will be proved 
later on. 

m+'y ™'+T' _ 

Lemma 8 Letu{x,t) G Cn,w'r' (Q)- Then O2.50p is valid. 

Proof. 

Show first that for a function u{x,t) G C'n,Lo-f' (Q) for a positive integer 
j < m 


D^yy^u{x,t)\ < F{j;xn) 


CxJ^ 0 < j < n, 

(7(1-h I IuxatI), j = n, 1 0 < xat < 2. 

C, n < j < m, 


(2.51) 

Really, for ?' = 0 this estimate follows directly from the definition of the space 
Cn,w7 ’ {Q) ■ Since the functions from Cn+j ’ {Q) belong to the standard class 

(Q) for a;AT > 0, for j = 1 we have for < 2 (if 1 < n) 


1 

= -/e-" [rr'r“(*'.«.<)] dt; + i,«). 

XN 

Consequently, 
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\D 


CxjJ'^ n > 1, 


^u{x,t)\ < Cl I ^ "^(1^+02 < ■{ C(1 + I Inxjvl), n = l, = F{1]Xn), xn <‘2,, 

C, n < 1 


xn 


xn 


(2.52) 

that is fl2.54p is proved for j = 1. Now (12.51 p for j = 2 follows from (I2.52p and 
so on by indnction for j < m. 

Let now e > 0, j < n , a = (ai,..., ajv), \a\ = m — j, a^v < m — j. Denoting 
a' = (ai,..., ctAT-i), we have 



OO 

r /» 

l^N ^DfUe{x,t) \ = 

/ / {^XN^iy'^XN,T)) Dflujsix'-y',t-T)dy'dT 


•J J 

1 —OO 


X 


n-j-[n-(m-aiv)] 

N 


, m — un < n, 


< Cx'^ ^F{m — aN]XN) = C < x'^ + \nxN),m — = n, = 


x^ \ m — aisf > n 


X 


{m-j)-aN 


N 


, m — ajsf < n, 


= C< x^ + \lnxN\),m — On = n, —t 0, —)■ 0. 


x^ \ m — ajsf > n 


This proves the lemma. 

Lemma 9 

ing that is 


^ I "t+7 _ 

Lemma 9 Let a function u{x,t) G (Q) satisfy fl2.5Up without smooth- 


xff ^Dfu{x, f) —)■ 0 , xtv —t 0, 0 < j < n,a = (ai,..., a^), |«| = m—j, < m—j. 

(2.53) 

Denote 


and denote 


a= lim xffDffu{x,t). 

{x,t)^(0,0) *JV V w 


Here 


QuixN^ 


baxf^ ”, n is a noninteger, 
Xn, n is an integer. 


Xn H ^2 

XN = jdfnj ln6c?6, 
0 0 0 


(2.54) 


(2.55) 


(2.56) 
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b = b{a, m, n) is a constant which is chosen from the condition a = xf^Df}^{Qu{xis[))- 
Then 


lim xf^ ^Df.[u{x,t) — Qu{xn)] = \oi\ = m — < j < n, (2.57) 

(x,t)^.(0,0) 

xf^^D^Q u{xn) = const, \a\ = m — i,Q < j < n,aN < cn — n. (2.58) 
If n is an integer and < oo is finite, then 

D^^QuixN) = Qu{xn) = 0. (2.59) 


Proof. 

Note first that since m — j is an integer and m — j > m — n > 0, we have 
m — j > 1. Now if the derivative Df contains at least one differentiation in x' 
then Df,[u{x,t) — Qu{xi,j)] = Dfu{x,t) and we have fl2.57p by fl2.53p . Let now 
Df = Then by the construction 

t) = ^ + o{xff^) = Dff^Qu{xN) + o{xff^), {x, t) (0, 0). (2.60) 

Xn 

Integrating this relation with respect to x^v —t ^ on the interval [x^v, 1] for exam¬ 
ple, we hnd for j < n 


D 


m-j 

XN 


u{x, t) 


^ + o(xn" '*) =-Dx„+ o(^7" '7 (0.0). 


(2.61) 

where bj are some dehnite constants and these constants agree with the condition 
a = x'fjDff^{Qu{x!<!)). In particular, if n is an integer 


'^u{x,t) = bnaXnxN + o(| lnxAr|), (x,f) -)■ (0,0). (2.62) 

From fl2.6ip we obtain fl2.57p . Relations fl2.58p follows directly from the dehnition 
of Qu{xn) by the construction taking into account that Qu{xp^) depends on xat 

^^N^'^)u}’yQ ^ then it follows from 

fl2.62p that we must have a = 0 in this relation. But in this case Qu{xn) = 0. 
This proves f|2.59p . ■ 

Lemma 10 Denote 

Qu{x,t) = Qu{xn) + V] ^(x-e)“(2.63) 

a\ 

\a\<m—n 
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where Qu{xn) is defined in fl2.55p . a = (ai, a^), al = ai\...ai^\, e = (0,1) G 

, {x — e)" = — 1)"^, 


QuiS^Ny)\x=e,t=Oi o}' ^ Diiu Qu(^^N')')\x=e,t=0- 

Then the function Qu{x,t) has the following properties 


Xn ^Df[u{xR) - Qu{xR)]\(x,t)={o,o) = 0, j < n, |a| =m- j, (2.64) 


Df[u{xR)-Qu{xR)]\(^^t)=(e,o) =0, |a| < m-n, Dt[u{x,t)-Qu{x,t)]\(,;^t)=im = 0. 

(2.65) 


xfi ^DfQu{x, t) = const, |a| = m—j, 0 < j < n,aN < rn—n, DtQu{,x, f) = const. 

( 2 . 66 ) 

I 'Y 'Y / fYi] 

< °° then 

D'ff~'^Qu{x,t) = const. (2.67) 

At last for j < n and \a\ = [m — n + [1 — 07)7] — j 

Df,Di,^Qu{x,t) does not depend on x' and t. (2.68) 

The proof of this lemma follows from Lemma [9] directly by the construction 
of Qu{x, t) with the taking into account that for j < n we have {(3 = {/3i,..., /3 n)) 


{ Y1 ^_{x-e)'" + a^^h\ =0,\/3\=m-j. 

\ |Q:|<m—n / 

We prove in addition two useful lemmas about Holder spaces. First we prove 
some lemma that makes the verihcation of the Holder condition for functions on 
domains with boundaries more simple. This is done by restricting the general 
position of two different points of a domain to the situation when the two points 
are away from a boundary in some sense. 

Lemma 11 Let 7 G (0,1) and uj G [0,1) (the case uj = 0 corresponds to the 
nonweighted case). Let a function u{y), y G R'^ = (0, cxo) satisfy the condition 


sup 

{)<h<ey 


LO'y 


ujy + h)- 
h"< 


u{y)\ 


Then u{y) is continuous on [0, 00) and 


{u) 


(7)(£-) 


< (X). 


< C^e ^ 

' ' u'i,R+ — ^ 


(a) 


(7)(£-) 


(2.69) 


(2.70) 
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Proof. 

Due to Corollary [7] and (I2.69P it is enough to verify that 


Hy + h)-u{y)\ , 

2/ S ■ 


( 2 - 1 ) 


Let y^h>ey>Qhe arbitrary, Ahu{y) = u{y + h) — u{y). Denote ([a] is the 
integer part of a) 


M = 


log(i+£) , if log(i+£) is a noninteger, 


log(i+e) 
Consider the difference 


y±h\ 

y J 


1 , if log(i+,) ( 


y±h\ 

y J 


is an integer. 


where 


M 

u{y + h)- u{y) = Ahu{y) = ^{u{yi+i) - u{yi)), 

i=l 


yi = y, yi = yi-i + eyt-i = (1 + e)yi-i = (1 + ey ^y, i < M, yM+i = y + h, 
so that {yi+i — yi) = eyi. We have 


^^ \u{y + h) -u{y)\ ^ A ^^\u{yi+i) -«(?/*)| [\yi+i - yi^ 

y 7 _ 'v — / V y i 




2 = 1 


lyi+i-yi^ \ h'f 


< 


<{u) 


M 

(7)C-) 

017 ,ij+ / ^ 
i=l 




h 


On the other hand 





= e< 


y\J 

h 


M 




2=1 


i-l) =£^(l 
h 


But according to the dehnition of the number M 


(1 +£)7M _ ^ 

(1 + £)t '-1 ■ 


,1+,),M <_ 

so that 
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(1 + £)t '-1 


1) [ii + ey^-i] 




y + h 
h 


< C^e-\ 


From this fl2.7ip follows for y > 0. That is on the open set (0, cxo) 

Then from Corollary [3 and the proof of Proposition 0] it follows that 

\“/(0,oo) — ^7^ \“/a;7,i?+ ' 

This means that u(p) has a hnite limit as r/ —)■ 0 and consequently can be dehned 
at 1 / = 0 as a continuous function with (12.70^ . Thus the lemma follows. ■ 


Corollary 12 Let 7 G (0,1) and u G [0,1) fthe case cj = 0 corresponds to the 
nonweighted case). Let a function u{x), x G iP satisfy the condition 


sup Xat 

h£H^\h\<exp4 


aJ7 


\u{x + h) - u{x)\ 


\h[ 


= {u)u)Ch ' < OO- 


Then uix) is continuous on H and 


(«>h ’77 < (n) 




(7)(e-) 


Proof. 

In view of Lemma [TT] for arbitrary fixed x' we have 


(2.72) 


(2.73) 


•))L7 ,x^,[0,oo) < ^ • (2-74) 

Therefore it is enough to consider the Holder property of u{x) with respect to 
the tangent variables x' only under the condition \h\ > ex^. That is for a 
given h' = (hi,..., hiv-i), and for x^ > 0 with \h'\ > ex^ we must estimate the 
expression 


A{x, h') = 

We estimate H(x, h') as follows 


\u{x' + h',XN) — u{x',Xn)\ 
\h/\'y 


^.,| n ( x ' + h',xiv + £ ^\h'\) -u{x',xn + e ^\h'\)\ ^ 

Xj\j — ~r 

\h'\'^ 


+Xn 


^u{x' + h' ,xn + e ^|h'|) - n(x'+ h',XAr)| \u{x)xN + e ^|h'|) - m(x',xat)] 

- rXN - 


\h'\ 


\h'\ 
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In view of fl2.72p and fl2.74p the proof of the corollary is completed now exactly 
as in Lemma [m ■ 

Now we prove a simple lemma about compactness and convergence in weighted 
Holder spaces. This assertion is "almost well known". But the experience of 
the author shows that the following simple fact is not generally known: after 
convergence of a sequence from a Holder space in a weaker Holder space the 
limit belongs to the original space. This fact is a very useful tool in applications 
because smooth functions are not dense in Holder spaces. The precise statement 
is as follows. 

Proposition 13 Let 7 G (0,1), u G [0,1). Let K <Z H be a compact domain in 
H with smooth boundary. Let U C C2;.y{K) be a bounded subset in C2^{K) that 
is 


u{x) E U ^ ^ (2-75) 

for some constant M > 0. 

Then there exists a sequence {un{x)} C Lf and a function Uq{x) G Cf.y{K) 
from the same space such that for any 7' G (0,7) 


ll'^n 0, II'^oIIc'T; (/f) ^ (2.76) 

uj'y' ' ^ 

Proof. 

From Proposition 0] and from fl2.75p it follows that 


'u(x) G U II^II (7(1— — CAL. 

Thus, as it is well known, there exists a sequence {un{x)} C Lf and a function 
Uo{x) G with 


\\Un ^o||(7(i-‘^) 7'(_R') 0, d ^ (0)d)- (2.77) 

Let us show that uo{x) belongs to the original space and the estimate in 

fl2.76p is valid. Let x E K and h 7^ 0 G FT be fixed and such that x + h E K. 
Consider the expression 


An{x, h) = xff 


\Un{x + h) - Un{x)\ 

\h\^ 


< M 


(2.78) 


and suppose that xat > 0 because in the case a ;at = 0 we have H„(x, h) = 0. From 
fl2.77p it follows that Un{x) —)■ uo{x) uniformly on K. Therefore letting n —)■ cx) 
in fl2.78p . we obtain 


Ho (a:, h) = x 


UJ'f \uo{x + h)- Mo((c)| 

N 


\h[ 


< M. 
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Since x and h are arbitrary we infer from the last inequality and from fl2.77p 

uo{x) e CZ^iK), ||Mo||c;2^(i^) < M. 

Let us show now that 


^n^oo 0) T ^ 


(2.79) 


Let X E K and h 7^ 0 G iL be such that x + h E K and let 7' G (0,7). Denote 
Vn{x) = Un{x) — Uq{x). and consider the expression 


An{x, h) = X 


\Vn{.X + h) - Vn{,x)\ 


N 


w 


Let we are given an£>0. IfxAr = 0 then A„(x, h) = 0 therefore we suppose 
that xjsi > 0. Denote Rk = inf{i? > 0 : iL C {0 < xat < i?}} and consider two 
cases. \i \h\ < exN then we have 


An{x,h) = x%^ \ h\ 


_ ^uriTn-v Mx + h) - Vnjx) 


\hZ 


< 


< R 


—7' p(l—1»;)(7—7') f aj7 R 


K 


X 


N 


\h[ 


< 


< 


^7-7 ' d(1-‘^)(7-7') ( \(7) I n, \{7) \ ^ 




(2.80) 


If now \h\ > sxn then 


An{x, h) = 


( 

vh; 


Luy 


\Vn{x + h) - Vn{x)\ 


< e {Un - Uo) 


ai-cow) 


K 


\h\(^-AY 

Since x and h are arbitrary, from 02.80^ and fl2.8ip it follows that 


(2.81) 


{Un - Uo)^X}^K < K) + {Un - 


((l-‘^)7') 


Taking into account fl2.77p . we have 


\\Un - Mollc-V ^'C{M, K)+e \\Un - Moiled—)7'(if) • 

From this we see that the left hand side can be made arbitrary small for large n 
by choosing first £ sufficiently small and then n> N{e) sufficiently large. 

This completes the proof of the proposition. ■ 
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3 Proof of Theorem [2] 


We prove only fll.21j) since fll.23jl is a consequence of fll.2ip for functions without 
dependance on t. We use the idea of scaling arguments from |28) and the reasoning 
by contradiction exactly as in the proof of Proposition [5l 

On the base of Proposition E] we can turn to prof of the estimate 




j<n 


n-j 

N 


j<n 


X 


n-j 

N 


DZu 


\ \ (7/W(2s) 

//t,Q 


^=0 \ a\=m—j 


j=0 10:1=771—^ 




j=0 \a\=m—j 


j<m—n 




({m—n+(l—t»;) 7 })( 2 s) 


x' ,Q 


+ 


j=0 \oi\ = [m—n+{l—u))'{\—j 
j<m—n 


E E ((oj + 


j=0 |a| = [m-n+ 7 ]-j 


j<m—n 

E E 

j = l |Q!|=j 


N 


. 2=1 


where s = m + 1 and for a function v{x, t) we denote (e, (3 G (0,1)) 


(3.1) 




^Tv{x,t)\ 




\h\' 


< sup X 

{x,t)(^Q ,h(^H ,\h\>exN 


\^i^v{x,t)\ 

\h\^ 


+ sup X 

{x ,t)(^Q ,h(^H ,\h\<ex 


uj'y 

N 


|A| v(x,t)\ 

' h,x ^ ^ ^ I 

w 


- ’ (3.2) 


uj'y^x^Q 


{x,t)eQ,h'eR^-^ 


A^,^^^v{x,t)\ 




< 




sup 


{x,t)£Q,h'£R^~^ ,\h'\>ex^ \h 1"^ 


sup 


lA’l, ^,v{x,t)\ 


{x,t)£Q,h' gR^ ^,\h'\<exisr 


+ ((„))hW(«-), (3,3) 


25 
















{{v)y^^^> ^ sup 

{x,t)€Q,h>0 




< sup 

{x,t)£Q,h>expf 


hP 


+ sup 

{x,t)£Q,h<exff 


hP 




' i,Q 


(3.4) 


i) = + h)- v{x), Al^v{x, t) = Aj^^^{AtJ-v{x, t)), 


Ah,tv{x, t) = Al ^v{x, t) = v{x, t + h)- v(x, t), A^^vix, t) = /u(a;, t)). 

We first prove fl3.ip under the additional restriction 02.531) on functions u{x,t), 
that is we suppose that 


x^ ^D2u{x, t) —)■ 0, xat 0, 0 < j < n,a = (ai,..., un), |«| = m—j, aN < m—j. 

(3,5) 

According to the dehnitions in 03.2p . 03.41) we represent left hand side of 03.ip as 


, (m+7)(2s) 

^ n,LO'y 

where correspondingly 


' ' ' ' n,a;7,Q — ' ' ' ' ' ' ' ' n,(j'y,Q 


(m+7)(2s)(e-) 


(3,6) 


w - E E ((Wfl 


j<n 


(3.7) 


^ II uj'y,x,Q 


j=0\a\=m-j 


j<n 


-E E ((^r'D>»:: 


(7/m)(2s)(£±) 

t,Q 


+ 


j=0\a\=m-j 


j<m—n 

-E E 




{{m-n+(l-a;)7})(2s)(£±) 


j=0 \a\ = [m—n+(l—u))'{\—j 

j<m—n 


E E 


(1- l— + l^)(2s)(e±) 

^ m — n m ^ ' 


+ 


t,Q 


+ 


j=l \a\=j 


j<m—n 

- E E 

j=0 \a\ = [m—n+'i]—j 


({m-n+7})(2s)(e±) 


+ 


j<n 


-E E 

j=0\a\=m—j 
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Suppose first that 


//,,\\("i+7)(2s)(e-) ^ // \v(m+ 7 )( 2 s)(e+) 

U,uj'r,Q ’ 

and consequently 

//^\\("*+7K2s)(e+) ^ // ^^(m+7^(2s) ^ 2 //^\\(™+7)(2s)(£+) 
Let us show that on the class of functions u with this condition 


(3.8) 


(3.9) 


//9/\\(™+'>'h2s)(£+) 


N 




X 


A-DSd™, ,o + (A«) 



(3.10) 


\ i=l / 

The proof is by contradiction. Suppose that fld.lOp is not valid. Then there exists 

a sequence {up{x,t)} C Cn,u)'y' "" (Q), p = 1,2,..., , with the property fl3.5p and 
with 




N 

. *=1 


X 


N 


D 




uj'y,Xi,Q 


+ {DtUp) 



and 


(3.11) 


// \\("*+ 7 )d 


' ' ' n,cJ7,Q ' ' ' n,ijj'y,Q 

(m+7)(2s)(e+) 


(3.12) 


Denote Vp{x,t) = Up{x,t)/{{up)/^^ ^ ^ • For the functions {up} we have 

from (13.111) 


N 


I = (iv 


(m+7)(2s)(e+) ^ 




( 7 /m) 


. 2=1 


And from the last inequality and from (13.lip we infer that 

N 




(7/m) 


< 


i=l 


p 


1 < (( 7 ))‘'“T'"'’ 2 ((f,))'"'"/,' 

' ' ' n,LU'y,Q ' ' ' n^cj'y,Q 


(m+7)(2s)(£+) 


< 2. 


(3.13) 


It follows from the second inequality in (I3.13P that there is a term in the dehnition 
of ((7)>'”+7'"*"‘+>, 


j<n 


=E E ((-".-'«^v>>T:r’ + (“4) 

j =0 |Q|=m-j 
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j<n 

-E E 

j =0 \a\=m.—j 


-3 \ \ (7/m)(2s)(£+) 


j<m—n 

-E E 




{{m-n+(l-a;)7})(2s)(£+) 


j =0 \a\ = [m—n+{l—uj)-y]—j 

j<m—n 


j=l \a\=j 


(1- 3— + 3L)(2s){s+) 

7 TTJ, — rj ' m, ^ > 


+ 


+ 


j<m—n 


E E ((PiPi, 


({m-n+7})(2s)(e+) 


P / / uj^,x' ,Q 


+ 


j=0 |o| = [m—n+7]—j 


3<n 

-E E 

i =0 |a|=m-j 





which is not less than some absolute constant v = u{m,n,N) > 0. This is valid 
at least for a subsequence of indexes {p}. It can not be the sequence of terms 
because of fl3.13p . We suppose, for example, that for some 
multiindex a, |a| = m. 




^ AT 






(3.15) 


The all reasonings below are completely the same for all other terms in fl3.14l) . 
From fl3.15p and from the definition of in fl3.2p it follows 

that there exist sequences of points G Q} and vectors G H} with 


hp^Y^lyex^p, p=l,2,... 

and with 


(3.16) 


X 


{p)'\ 

N ) 


uj'y 


lA^t) \ix^^YD%ix(P\t(P^) 


hi 


7^>0. 


(3.17) 


We make in the functions {up} the change of the independent variables (x,f) 


Xi = x'f'^ + Uihp, i = 1, iV - 1, Xiv = VNhp] t = "-t (3.18) 

and denote 
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w,{y, t) = + y'h,, y^h,, rh^-^). (3.19) 

Taking into account that u = n/m, it can be checked directly that the rescaled 
functions w^\y^T) satisfy 


j<n 




j= 0 \a\=m—j 


j<n 


-Y. Y ’ + 

i= 0 \a\=m-j 


j<m—n 

-~Y Y 


{{DPDI^’,))Yq 


({m-n+(l-w)7})(2s) 


j =0 \a\ = [m—n+(l—u))'{\—j 

j<m—n 

+ E E 

j=l \a\=j 


]Wr,)) - + 


+ 


y P//t,q 


j<m—n 

- E E 

j=0 |a| = [m—71+7]—j 


({m-n+7})(2s) 

Q 


+ 


j<n 

-Y Y 

j= 0 \a\=m—j 


y‘^p//T,Q ^ 


(m+7)(2s) 

n,uj'y,Q,x^t 


(3.20) 


+ ((^rWp))^Jiyh + = {{Vp)) 

And also (see fll.2ip l 

= <'v)E:E"’ ■ ( 3 - 21 ) 

Thus from the second inequality in fl3.13l) and Proposition [6] it follows that 


' n,oj'y,Q 

From fl3.13p and fl3.2ip we have 


< c < 2c=c. 


N 


X] {yNy^'^iWp)l^y, g + {DtWp)^^L ^ 


< 


2=1 


p 


And from 03.17p we obtain 

[y^y |Ai,(!/!;>)"£>>,(P'>’>,0)| > ^/2, 


(3.22) 


(3.23) 


(3.24) 
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where 


^ ^ = 1, ^ (O', y^P). (3.25) 

Note also that the functions Wp{y, r) inherit property fl3.5p 

y'^~W^Wp{y, t) ^ 0,yN ^ 0, 0 < j < n,a = (ai,..., otv), |a| = m-j, aN < m-j. 

(3.26) 

Denote by Qp{y,T) = Qwp{y,T) the "Taylor" function Qwp{y,T) for the function 
Wp{y,T), which was constructed in Lemma [TUI and denote Vpiy^r) = Wp{y,T) — 
Qp{y,T). From Lemma [TUI it follows that 

yN~^ Pppiy^ T)\iy,r)=(o,o) =0, j < n, |q;| =m-j, (3.27) 


Pppiyy^)\{y,T)=(m = 0, |a| < m - n, D^rp(|/,r)|(j/,^)=(e,o) = 0. (3.28) 

Recall that 


y^ ^DyQp{y,T) = const, |a| =m—j,j < n,ap^ <m — n, DpQp{y,T) = const, 

(3.29) 

and also 


Pm '^Qpiy^ '^) = const if the seminorm {{D^^ < oo is finite (3.30) 

and it is included in the left hand side of fl3.ip and the seniinorm 

is included in (I3.20p . Consequently, from fl3.29p . fl3.3Up and from the definition 

of Holder classes in view of fl3.22p it follows that 


,(m+7,22±3:) (m+..yiri+T) 


n,uj"/,Q 

For the same reason we have from fl3.23p 


' n,u}'y,Q 


(3.31) 


N 


and from fl3.24p 


i=l ^ 




(3.32) 


(3.33) 
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From fl3.26p . fl3.27p . fl3.28p . and fl3.3ip it follows that the sequence of functions 
{rp{y, r)} is bounded in (Ks) for any compact set Ks C Qn{6 < < 

5“^}, 6 E (0,1). Therefore there exists a function r{y, r) E {Q fl {xn > 

0 }) with (at least for a subsequence) 


Tp —)■ r in ^ {Ks), p —)■ oo, \/Ks C Qn{5 < Pat < 5 7 ' < 7 . (3.34) 

At the same time, since the sequences and are bounded 

(recall that = x^/hp < e~^ since hp > sx^^) 

p{p)^p{0)^ P^CX), (3.35) 

where is a nonnegative number, G FT is a unit vector, = (O', p^^) G H. 
From fl3.27p and (13.3ip (together with fl 2 . 10 p and the Arzela theorem) it follows 
that the functions y^Dyrp{y, r) are uniformly convergent (for a subsequence) on 
any compact set Kr C Q H {0 < pat < R}, R> 0, 


VNDyTpiy, t) ^ y^D^r{y, r), p ^ oo. 

Thus we can choose a compact set Kji and take the limit of relation fl3.33p on 
this set. This gives 


\A%,{yP)-Dfr{P^^\0)\ > u > 0. (3.36) 

Moreover, from fl2.10p and fl3.3ip it follows that uniformly in p 




\(7-‘^7) I / 

>..o + \y 


y,Q 




rp)%-^ < C. 


(3.37) 


Together with fl3.27p this means that the sequence {y^Dy^p} is bounded in the 
space for any compact set Kj^. Therefore for any 7 ' < 7 the 

sequence {y'^DyTp} converges to y’^DyV in the space C^'{Kn) and for the 
limit y^DyV we have with the same exponent 7 


{vnD. 


\ 17 - 

y^)y,Q 


(•y-ajj) 


+ < a 


Further, from (13.321) it follows that 


(3.38) 


p)(rZi)^r(p, r) does not depend on pat, 

D)J)r(y, t) does not depend on pj, i = 1, iV — 1, (3.39) 

Dp{y, t) does not depend on r. 


Really, let us prove the first assertion. Let p = {y',yN), yN > 0, r, and h > 0 be 
fixed. Then we have directly from the definition and from (I3.32p 
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I {vn + h)^D^^rp{y', yN + h,T)- yN^D'!^^rp{y', y^, r) \ 


^a;7 iv^^v ' ■-/ p\t> , p\t> y • J\ j „ j-,m^ \(7) ^ ^ 

yN - {yN^Vi^p/^^^y.^Q s ^• 


Making use of fl3.34p and taking limit in this inequality as p —)■ oo we obtain 


iVN + h)^D^^rp{y\ yN + h, r) = yN^'D^^rpiy', yN, r). 

Since y, r, and h are arbitrary this proves the first assertion in 03.391) . Other 
assertions are completely analogous. 

Now from the first assertion in 03.39^ we have with some functions a{y', r) 


DZriy,r) 

Integrating this equality in yN, we find 


a{y',r) 

yN 


r{y,T) 


✓ m 

boiy'^ T)yN~"' + ^bi{y', n is a noninteger, 

i=l 

m 

ho{y', t) ln^™“”^ yN + ^bi{y', T)y^N^, n is an integer, 

" i=l 


(3.40) 


where &o(?/^ t) and bi{y\ r) are some functions and ln*'™'“”^ yN is defined in 02.56p . 

Making use again of 03.39p and taking into account the independence of all 
terms in 03.40^ . we see 


Dl^\..D^;^}D%{y',T)^^\xiQ, z = 0 ,m - 

at least in the sense of distributions. This means, as it is well known, that the 
functions bi{y', r) are polynomials in y' of degree not greater than m and in t of 
degree not greater than 2. Consequently, the function y^D^Vply, r) has the form 

m+1 

yN^yriy, r) = Po{y', T)y^ hi^^^ yN + '^Pj{y', T)y'il, (3.41) 

i=i 

where Po(2/^'^) and Pj{y',T) are some polynomials, k is an integer, and for each 
j = 1 , m + 1 the number dj is either an integer or a number of the form kj + n 
with integer kj. Now relation 03.36p means that the function y^DyTpiy^r) in 
03.4ip is not a constant identically. At last, as it can be checked directly, a non¬ 
constant function of the form fl3.4ip can not have a finite values of 

and under our assumption 7 —cny < n over unbounded halfspace Q 

(it is enough to consider the term in (I3.4ip with the maximal growth at infinity). 
This contradict to fl3.38p . 
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This contradiction proves estimate fl3.10p on the class of functions u{x, t) with 
fl3.8p . Note again that all the above reasonings for the term 

from fl3.14p with fl3.15p are completely the same for other terms in fl3.14p . For 
any other term in 03.1411 we obtain an analog of relations 03.36p and 03.dip with 
the same contradiction. 

We now turn to the estimate of the value of in 03.71) . Our 

goal is to obtain the estimate (compare 02.34p ) 




N 


< CJ ^ {x"„DZu) 


( 7 ) _ 


. ^ = 1 


+ {Dtu) 



+ CeH{u)) 


(m+7)(2s) 

n,uj'y,Q 


(3.42) 

All terms in the definition of 03.7p are estimated completely 

similarly. We estimate the most complex term with a degenerate factor 


{{xVDy) 


(7)(2s)(£-) 


Lj'y ' n,x 

= sup x^' - 

{x,t)GQ,hGH ,\h\<£Xj\[ 

It can be checked directly that it is enough to consider the Holder property of 
D^u with respect to the tangent variables x' and with respect to the variable 
xn separately. This corresponds to the obtaining separately the estimates for two 
cases of step h : h = {h ,0) = (hi,..., hiv-i, 0) and h = (0,..., 0, h), where h > 0. 
We first obtain the estimate 03.42p with respect to the tangent variables, that is 
we estimate the expression 


X 


N 


X^u{x,t)) 


|h|' 


\a\ = m — j, j < n. (3.43) 


((x” ^ny)) 


(■y)(2s)(e-) 

uj"f,x',Q 


sup X 

{x,t)£Q,h'£R^~''^ ,\h'\<exj^ 


i^N'Dy{x,t)) 

|hV 


sup 

{x,t)£Q,h'£R^~^,\h'\<ex[^ 


X 




N 


\h 


(3.44) 


where v{x,t) = A^, ^,m(x, f). Let a point (x, t) = (xo,to) = {xQ,x%,to) be fixed 

and fix also a vector h G R^~^, \h\ < ex%. Suppose that £ G (0,l/32m). 
Consider the expression 




X 


0 

n) 




\h 


\a\ = m — j,j < n. 


(3.45) 
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Make in the functions u{x,t) and v{x,t) the change of variables {x,t) ( 2 /,'r), 

v{x,t) -)■ v{y,T) 


x' = Xq+ {x%) y\ xn = {x%) yN, t = to + {x%)'^ ” r (3.46) 

and denote d = h'/x%, |d| < £ < l/32m, Pi = {yo-,To) = (O', 1,0), that is 
(xo,to) —)■ (yo,To). In the new variables the expression A takes the form 


Denote for p < 1 


/ Q \cJ7H-n—m—7 
^ ' CC ' 


A^( 


1.0)1 


NJ 


Ml' 


(3.47) 


Qp = ^ Q ■ Ml < p, Mat - 1 | < p, |r| < (p)™ 

and consider the function v(y, r) on this cylinder. Note hrst, that since yjv > 1/4 
on Q 3 / 4 , the function v(y, r) belongs to the usual smooth class _ 

Considering this function on ( 5 i /4 C (^ 3/4 and applying fl2.9p . we obtain 



|ci|T 


<c(d;v(p,t)} 


(7) 

y',Qi/4 


< 


S C (E + IHkk) ■ (3.48) 

Note that we drop the term in the right hand side of f|3.48p because 

PiWl/4 

this estimate can be obtained at a hxed r with respect to the variables y only. 
Now we go back to the variables (x, t) in the last estimate and obtain (Ml = m—j) 




N-l 


[X 


0 \ 'Y+m—j ' h ,x 

n) 


< C I V .. + (3.49) 


\h' 


2=1 


^iP(3/4)xO^ 


+ iAA'' {dzvA 


I I 1 ( 0 ) 

“ 1 “ 'D _ 

*3(l/4)rE0„ 


where for p G ( 0 , 1 ), 


Qpx% = {(a^M) e Q ■ Ml < px%, \xn-x%\ < px%,\t-to\ < (px^)”" 
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Before proceeding further with the estimate of the expression A in fl3.45p . note 
that since xjv ^ on the set we have just from the definition of the 

Holder constants 





(7) _ 

*^>Q(1/4)xO^ 



+ 


D 


m 

xn 


V 


m 


(3.50) 

Substituting this estimate in fl3.49|) . dividing both parts of obtained inequality 
by , and taking into account that v{x,t) = ^h 'we obtain 


N-l 




+C ( {x%r-’ IAJ,,, {xlDT^n) ||' + {x%) 


Q \ —7—m+n+a;7 


\K\x'U{x,tW 1 < 


N 


’^(3/4)x% 


< cy: 

i=l 

+C (|x57A*^, {x^D^u) I™ + 




( 0 ) 


( 1 / 4)1 


(3.51) 


At the same time for the last two terms in the right hand side of fl3.5ip we have 


( 0 ) 


[Xn) \Xn ^h',x> [Xn^xm^) I7 


(1/4)=:^ 


\h 


/I \ 7 


X 


N 


0 \a;7 


{A) 


K',x' {AD^n) 


\h'\ 


(0) 


H4/4)x 


< 


< Ce^ , 

— \ iv X]\^ / ijj'y^x'O — '' ' ' n.uj'y.O ’ 


(m+7)(2s) 


' LO^,x',Q 


n,uj'y,Q 


{x%) \xn^AI, ,{x^nu{xA))\^^’ 

^0/4)x% 


|( 0 ) 


w 


n \ m+7 


X 


N 


(A) 


0 \aJ7 


A',x' (Au) 


W\ 


( 0 ) 


*5(1/4):!:^ 


< 
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— \ \ / / n,(j'y,Q 



where we made use of the mean value theorem and of Proposition O Substituting 
these two inequalities in 03.5ip and taking into account the dehnition of the 
expression A in 03.45p . we get 


(( 


X 


n-j 

N 


X /u]'~i,x\Q 


< 


<a 



/u}'y,Xi.Q ^ 


('yjm) 
t,Q 


+ (3.52) 


We turn now to the obtaining the same estimate for ^^ with 
respect to the variable xn, |a| = m — j 


{{A~’Dtn)) 


(7)(2s)(£-) 

a;7,xjv,Q 


< 


N 


s o W {x 


,.a+(A«) 


. 2=1 


{-yjm) 
t,Q 


+ (3.53) 


We consider only the case j < n because for an integer n in the case j = n the 
function x'^^ D^u = D^u has no a degeneration and all the estimates below are 
completely the same and become simpler. The schema of the reasonings is quite 
similar to the proof of 03.52p above. 

Let Qu{x,t) be the polynomial from fl2.63p with the properties fl2.66l) . (I2.67p 
for the function u{x,t) under the consideration. If we consider the function 
v{x,t) = u{x,t) — Qu{x,t) instead of the function u{x,t) itself, we see that all 
terms in both sides of fl3.53p remain unchanged because of (12.66^ - fl2.68p . There¬ 
fore it is enough to prove that 


« 


X 


n-3 

N 


ny 


(7)(2s)(£-) 

ujt,xn,Q 


N 






, (7) _ 

LO'y,Xi,Q 


. *=1 


(3.54) 


It is important for us that the function v{x,t) possess the property 

xyxy^~^\Dy{xA)\ < {x,t) e q. ( 3 . 55 ) 

Really, from 02.641) it follows that x^^D'^v{x,t)\xN=o = 0 and we obtain 
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uj'y n—j—'y 

/y» I ry* ' 


|r>>(i,()| = 


= X 


LU-f 

N 


\xn Wy{x,t)] |^^=o| (^) 

— N ^^/a;7,xjv,Q ' 


N 


As above, let a point (xo,to) = {xQ,x%,to) and 0 < h < sxn be fixed, 0 < £ < 
l/(32m). Consider the expression 


A ^ {x%r 


lA 


2s 

h,xpf 


x%) ^ Dy{xo,to) 


(A) 


0 \‘^'y 


ky 


h^f 


-B. 


We have 


(3.56) 


B = AA 


{AT ^ D°v{xo, to) 


2s 


Y,CAl,„ (X% + h)"-’ Al:-'Xy(x'„,x% + hs,t,)+ ( 3 . 57 ) 


2=1 


2s 


+ {x% + heT ^ A%^B>y{xo, x%, to) = J^Bi + Bo, 


2=1 


where Ci are some constants, and by he here and below we denote all possible 
expressions of the form he = C ■ h with 0 < C < C{m). Consider Bi with 

i > 1. Making use of the mean value theorem to estimate Axn An + ^ 

and keeping in mind the assumption h < ex%, we have 


B.<J 2 c{x% + heT ' "k\Dy{x'„x% + he,to)\< 

he 

< {x% + heT~'~^ \Dy{x'^,x% + he,to)\h\ 

he 

Therefore, in view of the definition of the expression A in fl3.56p . 

A^{x%r§< 


<e‘J2c 

he 


Xn 


+ he) 


n—ji—7+0)7 


D\ 


]v{x'q,x% + he,to)\ < Ce^Xn ^B> 


a \A) 

v) 


tJ7,xjv,Q 


(3.58) 


Consider now the expression Bo in fl3.57p . The considerations in this case are 
similar to the previous case of the variables x'. Denote 
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w{x,t) = Al^^v{x',XN,t) so that Al^^^^D^v{x'o,x%,to) = Al^^D^w{x'o,x%,to) 
and consider the expression 


0 'i^7 


An = 


«) 


h'y 


-Bn 


As above, make in the functions v{x, t) and w{x, t) the change of variables fl3.46p 
and denote d = h/x^, d < e < l/32m, de = ho/x^ < C{m)e, Pi = (|/o, 7 o) = 
(O', 1,0), that is {xQ,to) {yo,To). In the new variables the expression Aq takes 
the form 


^0 = {x%) 


0 \a;7+n-m-7 . , n I 




d"/ 


< 


/ ^ ^a;7+r^-m-7 \^d,yj,D^w{^'A, 0)\ 

- ^ [^n) • 


(3.59) 


Denote for p < 1 


Qp = {{y,^) ^ Q ■ W\ < p, ll/TV -1| < p, |r| < (p)™ "} 

and consider the function w{y,T) on this cylinder. As above, since y^ > 1/4 on 
Q 3 / 4 , the function w{y,T) belongs to the usual smooth class C™'+'>'’^+'>'/™'(Q 3 / 4 ). 
Considering, as above, this function on Qi/ 4 ^ C Q 3/4 and applying fl2.9p . we obtain 


1 . 0)1 

(p 




N 


< O' (E 


|( 0 ) 


. i=l 


Qi /4 


OV-1 


< O' I E (O’.tP/k,. + (KP 


i=l 


Q3/4 


Qi /4 

, (7) 

3 /jv 1Q3/4 


I I 1(0) 


(3.60) 


Note that we again drop the term in the right hand side of fl3.60p 

because this estimate can be obtained at a fixed r with respect to the variables 
y only. Now we go back to the variables (x, t) in the last estimate and obtain 
(|a| =m-j) 

\^d,yj,D^w{0',l,0)\ ^ ^ o^^+m-j \Al^^D^w{xo,to)\ ^ 


d'y 


hy 


N-l 


<c(p«p”-EMA + 


2=1 


( 3 / 4 )a: 


(3.61) 
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+( 


0 \m +7 

J^N) 


/Dm 

\ XI, 


XN /a;jv,Q(3/4)^o 


+ 


I i(o) 

\w\^ 


N 




where again for p G (0,1) 


Qpx% = {{x,t) e Q : \x'\ < px%, \xn-x%\ < px%,\t-to\ < 
Substituting this estimate in fl3.59p . we obtain 


N-l 




2 = 1 


*3(3/4):,: 0^ 


+ 


4 


0 '^Lj'y+n-m-'y |y^|( 0 ) 


^(1/4):, 


(3.62) 


Again, since x^ ~ x% on the set Q( 3 / 4 ) 3;0 , for / = 1, — 1 in the hrst term of 

(1^ 


V A// \ - V /V/ \ N X, /xi,Q( 3 / 4 ^^^ - \ X, /u:'r,Xi,Q 

_ (3.63) 

Making further use of fl3.5Up and then fl3.55p we have on Q( 3 / 4 ) 2 ,^ for the second 


0 r^m„,\(7) 


,( 7 ) 


term 


Kr- o (A” «>“ a 


^( 3 / 4 ) 




^(3/4)a:^ 


< 


< <^ f n + 

- V A// y\ N XM /a;jv,Q(3/4),^ 


xI-^\dzM& 


"Q(3/4).0 


< 


< C {x%r {x%DZvyj> ^ < C 

fo/ 4 ja:^ 

The third term in 03.621) we estimate as follows (s = m + 1) 


,(7) _ 

uj-y,xi/,Q 


(3.64) 


(A) 


0 \tJ7+n-m-7 , ,(0) 


(l/4)a:5,r \X^ J 


m+7 


(A) 


^7+n K,xiiVix'^XN,t) 


hm+'f 


( 0 ) 


< 


‘3(1/4)x0^ 




{AY 


LO'-y+n Ah,xi,D^^v{x', xn + he, t) 


hy 


( 0 ) 

‘3(1/4):.0 


(3.65) 
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where the mean value theorem was used. Making again use of fl3.5Up and fl3.55p 
we have on Q( 3 / 4 ) 2 :^ as above 




xn + he, t) 


hy 


( 0 ) 


'^(1/4)^^ 




(3.66) 


<c{x%r 


{xlDZ,v] 


Xn' 


( 7 ) _ 

a:jv,Q(3/4)^^ 


<C{xlDZ.v] 


Xn' 


(7) _ 

u]'y, xn,Q ■ 


From fl3.63p - fl3.66p it follows that 


N 

4o < 

i=l 


(7) _ 

uj'y,Xi,Q 


and from this and from fl3.58p . fl3.56p it follows that 



U)'") 


I A?'* 

I n,XN 






F>Xa;o,to) 


hy 


< 


N 


< 




fv a;^ /uj'y.x.i.Q W 


X 


n—i 

N 


^ f/uj'y.XN.Q 


2=1 


(3.67) 


Since (xo,to) and h < sxn are arbitrary, this means fl3.54p and therefore fl3.53p . 
Other terms in the definition of ^ in (13.711 are estimated com- 

' ' ' ' n,cJ7,(y ^^ 

pletely similarly. The smoothness with respect to the t - variable is estimated 
identically to the estimates of the smoothness with respect to x' with the tak¬ 
ing into account the relation between the dimensions of x and t : x 
t ~ {x%Y or a: ~ h, f ~ Note that all terms in the definition of 

have the same total dimension with respect to this relation of 

' ' '' n,u!-f,Q _ 4- _ _ 

the dimensions. Now from the alternative (13.9p and from (l3.1Up with (I3.42p it 
follows that for arbitrary function u{x,t) G Cn,oj'y' {Q) we have 


((«)) 


(m+7)(2s) 

n,LL)"f,Q 


<a 



xlD- 


» 


(7) _ 

‘^'y,xi,Q 


+ (Dtu) 



+ Cemu)) 


(m+7)(2s) 

n,uj"f,Q 


Finally, choosing e in this estimate sufficiently small and absorbing the last 
term in the left hand side, we arrive at (13.111 . This completes the proof of Theorem 
E] under assumption (13.5p . 

We now remove this assumption. Let u{x,t) G Cn,uiY {Q) ^^^1 let Ue{x,t) 
be defined by (|2.49p so it satisfies (I2.50p . (13.Sp . By what was proved above 
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N 




A'y/ra) 


. i=l 


where the constant C does not depend on e. It can be directly verihed that 




\( 7 ) 


ui'y,Xi,Q 




•I'N 


, ( 7 ) 


O' 

/ LJ'y,Xi,Q 


(DtUe) 


(■yjm) 

t,Q 


< (Dtu) 


('ijm) 

t,Q 


and therefore nnifornily in e 


(M, 


)(m+ 7 ) < ^ 





\( 7 ) 

/ uj"i,Xi,Q 


(7/m) 




(3.68) 


Let 5 G (0,1) and let Qi = {{x,t) : 6 < xn < 6 \x'\ <5 ^ |t| < 5 ^}. It is 

well known that for each 6 G ( 0 , 1 ) the sequence {ue} is bounded in the standard 
space {Qs). Therefore for a subsequence 


Mg M on each Qs in the space {Q^) (3.69) 

with 7 ' < 7 . Besides, all weighted terms x '^^and in the dehni- 

tion of , j < n, |a| = m — j, converge to x^^D^u and x^^‘^D^u in the 

space for each Ks = {( 2 :,^) : 0 < x^r < <5”^, \x'\ < <5“^, \t\ < 5“^} 




c(i 




'(Ks) 


X 


n-] 

N 


D>. 


n-juj j 

"Af 






(3.70) 

And the same is valid for the term DtU^. Exactly the same reasonings as in the 
proof of Proposition [T3] show that 


j<n 


Y, E + E E (^r"c»;,5' + {D.n)^JT £ 

j= 0 \a\=m—j j= 0 \a\=m—j 


I j<n 


<ciim.upiE E (-Ecx>7:r + 

\i=0 \a\=m-j 


£—^0 


j<n 


-E E + (A«7l7A’ I £ 

j= 0 \a\=m—j 


N 


< 


c(ETA'-DS“>lt„e + <-D<“)I 


■>Q 


. ^=1 
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Note that this is valid for the pure derivative D^~'^u in the case of an integer 
n only if this derivative and it’s seminorms are included in the dehnition of the 
space. Besides, since the functions satisfy fl2.5np . fl3.5p . it follows from fl3.70p 
that the function u{x,t) itself satishes fll.22p . The same reasoning holds true 

j<m—n 

also for the term ^ ^ in the dehnition of and 

j=l \a\=j 

therefore 


j<m—n 

E E {•d»"5 

j=l \a\=j 


< Climsup 
£—^0 


j<m—n 

E 


l«l=i 




■+^) 
m. > 


< 


N 




XnD^ 




(7) 

uj'y,Xi,Q 




. ^=1 


Note again that this is valid for the pure derivative D^~'^u in the case of an 
integer n only if this derivative and it’s seminorms are included in the dehnition 
of the space. 

At last, since Us{x,t) is smooth with respect to x' and t for any x^ > 0, we 
have in the open domain Q = Qn{x 7 v> 0 }by the same reasonins as above 
uniformly in a :at 


j<m—n 

E E 

j =0 \a\ = [m—n-\-{l—uj)'y]—j 

j<m—n 

+ E E ^ 

j =0 \a\ = [m—n+'y\—j 


< Climsup 

£—^0 


j<m—n 

E E 


j =0 


\a\ = [m—n+(l—u)'y] —j 




({m-n+(l-a;)7}) 

x',Q 


+ 


j<m—n 

+ E E 

j =0 \a\ = [m—n+'i]—j 


\ ({m—71+7}) 


{D<:,Diu,y^^-rn 

\ X xn ij'y,x',Q 


< 


N 


< c (E 


(7/m) 


. 2=1 


(3.71) 


But from estimates fl2.5ip it follows that the functions D^^u, j < m — n, are 
continuous at xat —)■ 0. Then from the above estimate it follows that at a 
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fixed to > 0 the sequence of the functions xat, to)} with xj^ as a pa¬ 
rameter is bounded in Therefore, in view of Proposition 

[15] this sequence converges (at least for a subsequence) on compact sets K in 
as a:AT ^ 0 in the space ~\K), 7 ' < 7 , to some function 

v{x',to) G with the same estimate of the highest semi¬ 
norm This means that at a fixed to > 0 the functions 

Dl^u, j < m — n, have traces at xat = 0 from the space 
and estimate fl3.7ip is valid also at xw = 0 that is D'^,Di^u, j < m — n, 
|a| = [m — n -|- (1 — u)'')] — j, exist in the usual classical sense at xat = 0 
and 


j<m—n 

E E 

\a\ = [m—n-\-{l—Lj)'y]—j 
j<m—n 




({m—n+(l—a;) 7 }) 


+ 


E E ^ 


j=0 \a\ = ['m—n+^]—j 

N 


< 


c(Eh»^i»i'E,e + <-D‘“) 


^{'yjrri) 
t,Q 


. i=l 


This completes the proof of fll.2ip and of the Theorem |2j 


4 Mixed and lower order derivatives of functions 
from Cn,u^' (Q)- 

In this section we consider the mixed derivatives D°u of order m — n< 

\a\ <m and also the lower order derivatives D^u of order |q!| < m — n. The last 
lower order derivatives do not require a weight in general but the situation in the 
case of an integer n differs from that in the case of a noninteger n . Therefore 
we consider these two cases separately. Besides, we concentrate on the local 
behaviour of functions near the singular boundary {x^ = 0 } and assume in this 
section that all functions under consideration have compact support in Q or in 
H. This permits us to avoid the consideration of possible behaviour of functions 
at infinity. Particularly, we will show that for functions with compact support of 
fixed dimensions norms fll.lip . fll.lTp and fjl.lSp . fll. 20 p are equivalent. 

Below we need the following lemma which is valid for both cases of an integer 
and a noninteger n. 


Lemma 14 Let n G (0,m) he arbitrary and a function u{x,t) 
in the sense of fll.lQp has compact support. Then 


e a 


m+7, 

n^LO'y 


771 + 7 


■(Q) 
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(41) 


j<n 


/ ^ \ ^N / ijj'y,XN,Q — \ ^N / LO'-y^XN^Q 

j=0 

Proof. The proof is by induction. For j = 0 there is nothing to prove. Let 
us prove that for j < n 


\ iV X]\j /LJ7,a3jv?Q — \ / uj'y,XN,Q 

Since the function u{x,t) has a compact support, we have 


(4.2) 


'“(2^. t) = -^K ’ / ?iv" ■' [G m ?». <)] <^iv. (4.3) 


XN 


Denote for brevity 


f{x, t) = xlf ^u(x, t), - ^^^u{x', ^N, t)] = a{x', ^N, t) 

and transform the representation for f{x,t) making the change of the variable 
^AT = T]Xisi in the corresponding integral 

OO 

f{x,t) = J r]-^^^-'^a{x',riXN,t)dT]. 

1 

Let xn, xn be fixed, 0 < xn < xn- We have 

\x‘^N [f{.x',XN,t) - f{x',XN,t)]\ = 


n+j 1 (^rix^T'^ [a{x',r]XN,t) 

1 


a(x', rjXN, t)] dr] 


< 


1 

where —n + j — 1 + (1 — 07)7 < —1 in view of fll.9p and the assumption j < n. 
This proves f|4.2p and the lemma follows by induction. ■ 
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4.1 The case of an integer n. 


We suppose in this subsection that n is an integer, 0 < n < m. Consider hrst 
the derivatives D^u{x,t) of order |q!| = m — j, j < n. In this case we 
have two different situations for the derivatives D'^u{x,t) of the particular order 
|a| = m — n with < m — n and for the derivative D^~'^u{x, t). 


Proposition 15 Letn G (0,m) be an integer. Let a function u{x,t) G (Q) 

in the sense of fll.l9p has compact support . Then all seminorm of the func¬ 
tion u{x,t) in the left hand side of (ll.2ip except for, may he, seminorms of 


771 + 7 


'^u{x, t) are finite and 


j<n 


X 


n-j 

N 


C7,7/m) 




j=0 \a\=m-j, 


j<n 

-E E h 

j=0 \a\=m-j, 


n-ju} j 
N 


d»[T ++ 


t,Q 


(7,7m) 
uj'r,Q 


j<m—n 

-E 


E (■DS'DLbl.'S 


((l-a;) 7 ) 


j<m—n 


j=0 \a\=m—n—j 


^=0 \a\=m—n—j 


\ X xj\j /(jj'y^x'^Q 


j<m—n 


E E 

j=l \a\=j, 


(1-L + 

^ 771 — 71 771 

Q 


N 


< C I E 


( 7 /m) 


, 2=1 


(4.4) 


Proof. The proof essentially follows from the proof of Theorem [2j Consider 
the smoothed function Ui;{x,t) as in fl2.49p and in the end part of the proof of 
Theorem [2] 


J Ju(y'.x,,rU(x'-y-.t-r)dy'dr. 

JlN-1—oo 


From Lemma fTTl from fl2.5ip with j = n, and from the way of the construction of 
Us{x, t) it follows that for this function all seminorms in the left hand side of (14.4p 

are hnite (including the seminorm (^xf^ ^) and thus this function 
satishes (14.4p . The rest of the proof coincides with the end part of the proof of 
Theorem [2j 


Consider now the derivative ^u{x,t). 
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Lemma 16 Let n G (0,m) be an integer and a function u{x,t) G Cn,. 


m+ 7 , 

Lj'y 


m + 7 


■(Q) 


in the sense of fll.lQp has compact support. Then D'ff "'u{x,t) is bounded and 




( 7 ) 


if and only if 


biv-Dr„“(a:. *)] U».o = 0. 


(4.5) 


(4.6) 


Proof. From (12.601) and (12.611) it follows that condition (14. 6 p is equivalent to 
the condition 


Denote a(x, t) = t) and note that by Lemma [H] (a(x, t))^J^^ ^ < 

C We have the following representation 


D’^-"u{x, t) = -J D^-’'+'u{x', it,,t)di„ = -j ^a(x', in, t)din. (4.7) 

Xn XN 

From this it directly follows that D‘ff~"'u{x,t) is bounded at x^ = 0 if and 
only if a{x',0,t) = 0 that is if and only if (14.61) is valid. Further, suppose that 
a{x', 0, t) = 0. Let xn, xn be hxed, 0 < xat < xn- We have 

[D7r(^', () - r>S7"(2^'. Xn, ()] I = 


Xn 


— [xffa{x',fN,t)] d^N 




Xn 




XN 


Xn 


< («(^, ^))ltx7v,Q J ^ 


XN 


In view of the dehnition of a{x, t) this means that 


^<C ^<C (xlDffu)^^^ 

\ Xn / (jj^,XNiQ — \ Xn /uj'y,XN,Q — \ -''' xn / uj'y,: 

hence, the lemma. ■ 
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m+7,^2±2 _ 

Corollary 17 Let n G (0,m) be an integer. Let a function u{x,t) G Cn,uif' {Q) 
in the sense of fll.lQp has compact support and condition fl4.6p is fulfilled. Then 
all seminorm of the function u{x,t) in the left hand side of fll.2ip are finite and 


j<n j^TL , . 

_ \ ^ \ ^ / .jn-j T^a , \ ^ \ ^ .\ 


^= 010 : 1 = 772 —^ j= 0 \a\=m—j 


j<m—n j<m—n 

- E E + E E 


j =0 \a\=m—n—j 


j =0 \a\=m—n—j 


j<m—n 


j=l \a\=j 


( 1 - 

Q 


m — n m 


+^) 
m. •' 


< C 



(4-8) 


( 7 /m) 


t,Q 


The corollary follows from Proposition [15] and Lemma [16] 

Consider now derivatives Dfu of order |q!| < m — n. If condition fl4.6p is 
fulfilled then all such derivatives are characterized by the following statement. 


Corollary 18 Letn G (0,m) be an integer. Let a function u{x,t) G "* (Q) 

in the sense of fll.lhp has compact support and condition fl4.6p is fulfilled. For 


m +7 _ 


multiindex a with 
valid 


a I = j < m — n denote Va = Dfu. The following estimate is 


N 

E 

2=1 




+ 


+ ^) 
rrj, ' 


N 




xlD^ 


» 


(7) 

uj'y,Xi,Q 


(7/m) 




. 2=1 


(4.9) 


This corollary directly follows from (I4.8p . 

In general case we have a weaker statement about smoothness of the deriva¬ 
tives Dfu of order |a| < m — n. In particular, the derivative belongs 

only to a kind of Zygmund space - see fl4.12p below. 

Proposition 19 Letn G (0,m) be an integer. Let a function u{x.,t) G Cn,uj-y’ (Q) 
has compact support. For Va = Dfu with |a;| = j < m — n — 1 we have 


N 


E + («») 


(1 —L+^) 

'• m — n m' 

t,Q 


N 


< 




v(7/m) 

t,Q 


2=1 


. 2=1 


(4.10) 
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For Va = D^u with \a\ = m — n — 1 > 0 we have 


N 


N-1 




^_„_l x(7,7M) ^ 

\a\=m—n—l 


\a\=m—n—l, i=l 
(y];^<m—n—l 


2=1 


Q m — n — 1 I 7 N 
' m — n ' m' 


(4,11) 


and also 


N 


< 




J-t/m) 


. 2 = 1 




Xjv — 


(4,12) 


where 


N 


SC E( 




(7) _ 

uj'y,Xi,Q 




( 7 /m) 


t,(3 


. 2=1 




sup -^^- 

9>o,heR^-^ 

{x,t}eQ 


1 ( 1 ,^) 

' ’ m'' 


sup - Y - 

6»>0,t>0 Ot m 

(x,t)eQ 


(4.13) 


(4.14) 


Proof. The proof of fl4.10p and (14.110 is completely similar to the proof of 
Proposition [T5] in view of fl2.5ip . Let us prove fl4.12p . Since estimates for both 
terms in (14.12p are completely similar, we estimate only the term 
Denote a{x,t) = We have from (|4.8p and from Proposition 0] 




N 


, < C ( ^ {xiDZu)'jF;g + {C,«>y> 


. 2=1 


From the dehnition of a{x, t) we have 


(4.15) 


00 OD 


00 00 


= dn D^-^+^u{x’, r], t)dr] = Ui I -a{x', 7 /, t)dT]. 


XN 


XN i 


XN i 


'1 
—( 
V 


(4.16) 
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Let h G ^ and 6* > 0 be fixed. Denote b{x', rj, t) = a{x', rj + h,t) — a{x', rj, t). 
Then by simple direct calcnlations 




oo oo 




1 . 


/ -b(x',r],t)dr] 

J V 


^e,xj,j j -b{x',ri,t)dri 

XN i 
Xn+S 

< 1 ^ 1 ^^ J d^f-dv = 


XN 


V 


XN 


xn -\-0 

= lilg’ / + 9) - < C|6|™9 < C \W-“^'0. 

XN 

Since h and 9 are arbitrary, this proves estimate fl4.12l) for the first term. The 
estimate of the second term is completely analogons. This completes the proof 
of the proposition. 


4.2 The case of a noninteger n. 

In this case we have the following propositions analogons to Propositions [T51 [T^ 

Proposition 20 Letn G (0,m) be a noninteger. Let a function u{xR) G {Q) 

in the sense of fll.lOp has compact support. 

Then 




j<n 


( 7 , 7 /m) 


j =0 \a\=m,-j 


j<n 


j=0\a\=ni—j 
j<m—n 


j=0 \a\ = [m—n+{l—Lj)'y]—j 

j<m—n 
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E E ( + 

j=0 \a\ = [m-n+'y]-j 


j<m—n 


E E 

j=l \a\=j 
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7 rt. — n ^ I \ ^ / __n T^m, . \ (7) I / 7 ^ .. .\ i'y/ X^l.) 


t,Q 


< C ( E 

i=l 


LJ^,Xi,Q 




• (4.17) 
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The proof of this proposition is completely analogous to the proof of Propo¬ 
sition [13 

In addition we have the following proposition. 


^ I "1+7 

Proposition 21 Letn G (0,m) be a noninteger. Let a function u{x,t) G Cn,uif’ "* 
in the sense of fll.l9p has compact support in a set {x^ < R}, R > 0. Then 


(Q) 




<C(R)(x’'„DZn)‘-jL- 




(4.18) 


The proof of this proposition directly follows from the Newton-Leibnitz for¬ 
mula and from fl4.17p . 


5 


Traces of functions from Cn,u'y' ™ {Q) at {xn = 

0 }. 


As it was proved in Theorem [21 for u{x,t) 


G a 


,m+7 


m+T _ 


n^uj'y 


(Q) we have 


j<m—n 

E E 

j=0 \a\ = [m—n+{l—uj)'y\—j 




({m—n+(l—1»;)7}) 


+ 


j<m—n 

E E 

j = l \oL\=i 




(1 —1 —+^) 
m, — n m. ' 


< 


< c 


N 


E( 

. 2=1 




+ {Dtu) 



(5.1) 


where the terms for j = m — n are included if n is an integer and if ""u is 
bounded. From this estimate it follows that for j < m — n and for a hxed x^ > 0 

f _t(J ^ _7 1_I 3L 

the function Di^u{x', xn, t) belongs to the space C^, ^ {R^~^ x 

R^). This means that we have the following statement. 


rr. I 7, ’"+'! _ 

Proposition 22 A function u{x,t) G Cn,^^ (Q) with compact support and 

it’s derivatives D^^u, j < m — n, have traces at xn = 0 from the spaces 


^ ■ / / \ 07)7—7,1- — 

Di^u{x',o,t) e C^, , 


3 

m — n 


{R^-^ X and 


DiMx',0, 




N 


< 


( 7 ) 


< 




, 2=1 


{-yjm) 

Q 


(5,2) 
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Now we consider the question of the extension of functions v{x',t) from the 
class ^ region Q. 

Theorem 23 There exists an operator E : ^ 

C'n,w 7 {Q) defined on functions with compact supports in = {|a:'| < R, |t| < 
R} with the property: 

for a given function v{x',t) G ‘^'1'^’^+ m ^ with compact 

m+7,-2ii31 _ 

support in the function w{x,t) = Ev G Cn^Lofi (Q) has compact support 
and satisfies 


w{x',0,t) =v{x',f), \\w\\ r^ <C 


c, 


(Q) 


'c" 




x' ,t 


(R^-^xR^) 


(6.3) 


where the constant C does not depend on v. 


Proof. 

The proof is similar to the proof of corresponding Lemma 2.4 from [1]. Let 
we are given a function v{x',t) G m ^ compact 

support. Consider the following boundary problem with t as a parameter for a 
unknown function u{x,t) 

d'^u 

Au{x, t) = + ... + = 0, X e H,t e R^, (5.4) 

oxf dx% 

u{x',0,t) = v{x',t), x'& R^~^,t E R^. (5.5) 

It is well known (see [29], [30], for example ) that for a hxed f > 0 problem fl5.4p . 
fl5.5p has the unique bounded solution u{x,t) with 


In Lemma 2.4 from [1] also proved that 

Therefore it is enough to consider the properties of u{x, t) with respect to the 
variables x. For this we will use the following inequality (see m, Chapter 5.4) 

|L>Xa;,t)| < C'„x)^'“'+^||n(-,t)||ci(Riv-i), |a| >/, (5.8) 

We now prove the estimate 
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N 




(6,9) 


2=1 


Since it is important to prove fl5.9p for xat < 1 only (for > 1, snch the 
estimate follows from the local estimates and is well- known), we consider only 
the case xn < ^- We also use the well-known interpolation inequality 


(t«(l))“ < C ’ ((!.) 


(5.10) 


which is valid for functions v{x) G (7^(17), where hi is a domain (possibly un¬ 
bounded) with sufficiently smooth boundary (see, for example, [32]) Ch.l ). It 
is important that the constant C does not depend on the size of the domain hi 
under scaling. Consider hrst the tangent variables Xi, i = 1, N — 1. 

Let xn he hxed. Then by fl5.9p and (15.101) . 


(7) 




RN-l < 




C| 1^x1 l^m —n+(l— 


-m+{m-n+il-ui)'y) 

\XnXn 


1-7 


-m-l+(m-n+(l-ui)'y) 

\XnXn 
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< 


<C\\v 




By the dehnition, this means that 


(5.11) 


X 


nDZu[ 


■^)) 




(R^-1) 


i = l,iV- 1. 


We consider now {x'^D^^u{ -, -jj ■ Let xn and x^v be hxed. We hx some 

£0 £ (0,1/16) and consider the two cases, assuming without loss of generality that 
xat < xat. Let hrst 


Ixat - xn\ = (Xiv - Xat) > £oXv- 

Then 

\xm - XmP 

< C «(x,()| + f(i.()l) , (5.12) 

In this case, as above 
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I n-(l-aj )7 

l-^N 


D^^u{x,t)\<C\\v 


—n+(l —cj)7 


(R 


N-1 

T 


) 


n-{l-ui)'y -m+{m-n+(l-ui)'i) 
Xn 


(5.13) 


— — 'n,+ (l ——1^ ^ (^ | | 77 | | — ri+(l —u ;)7 1 ^ 


and similarly for \x'^ D'^^u{x,t)\. 

Let now 


0 < {xn - Xn) < eoXN, 


(5.14) 


and let also 


n(xAr) = {y e : Xjv - 2eoXN <yN <xn + ^EoXn} , (5.15) 

Then, taking into account that on n(a;Ar) we have un ~ xn, as in the previous 
case 


X 


X 


nDZ^ 


x,t) 


prn r)m . 




I a: AT 


Xn 


<x%^{y-D^^u{y,t)) 


(7) 

y,n(xjv) 


< 


< C {x‘^N^\yN {DZ7y,t))y^n{x,,)) = + ^2- (5.16) 

Here Ai is estimated in the same way as in fl5.13p . and A 2 - in similar way after 
the estimate 


Az^ivX) 


(7) 

y,n(xjv) 


< C 


DZ 7 y,m 


1-7 


D 


m+1 

Vn 


“( 2 /’^) I?) 


This gives 


[X 


nDZu[ 


■A)) 


(7) _ 

u}'f,XN,H 



— n+(l —£.j )7 




Now fix r]{x,t) G C°°{Q) with compact support and with T]{x',0,t) = 1 on Bn. 
Then we can define w{x,t) = Ev{x,t) = u{x,t)v7yt) ■ This completes the proof 
of the theorem. 
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6 Some interpolations inequalities for functions 

^ I m+7 _ _ 

from O ~(Q), 

In this section we prove some interpolation inequalities for functions from the 

spaces Cn,uj'y' (Q), These inequalities are consequences of fll.2ip . 

fll.23p and they are useful in applications. 

Theorem 24 Let a function u{x) G and a = {ai, ..., 0 ^), |a| = 

be a multiindex, k G {1, 2, fV}. Then for any e > t] (e may he chosen big or 
small) 


N 


(xlDff.uY 77 + 

\ iv X ' uj'y,Xk,,H — / ^ \ / uj^,Xi,H 


+ Ce”'-'‘(x%DZuL>, k<N, 


uj'Y,Xk,H ' 

N-l 


{xlDfuY -jr < YNDff.uY Tf + 


2=1 


+CE">-‘»(xXD7«>L;T,7r- 

where the constants C does not depend on e, u. 


( 6 . 1 ) 


( 6 , 2 ) 


Proof. 

Let e > 0 be fixed. Consider the function Ve{y) = n(f/i, f/ 2 ,..., eyk, ...t/at-i, f/v) G 
Then from fll.23p we have 


{V- 


N^y 




N 




j, < cJ 2 {v"nD2 




u}- 1 ,Xi,H ' 


2=1 


(6.3) 


where the constant C does not depend on £. Now make in fl6.3p the change of 
the variables 


y = e{x) : yi = Xi,i ^ k, yu = e ^Xk 

and take into account that v^iy) o e{x) = u{x). This gives (16.111 . (16.2p and 
completes the proof. 


m+7 ’"+3' _ 

Theorem 25 Let a function u{x) ^ Cn,u^'y' "* {Q) anda = (oi, .••, «Ar), |q;| = m, 
he a multiindex, k G {1,2, ...jfV}. Then for any £ > 0 
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N 


\ iV X ' oj'-y^Xk Q — / ^ \ -i'' / (jJ'y^Xi^Q 

i=l^i^k 

+ Ce^-^yx%D^u)^'^^ k<N, 

\ ^k I u}'y,Xk,Q ^ ^ 


(6,4) 


N-l 


{xiDy)^^^ ^ ^ + 

\ iv X ' uj'y,x^,,H — / ^ \ / <jj'y,Xi,H 


2=1 


+ Ce^-^'^ (xlDyu)^^^ ^, A; = iV, 


uj'y,XN,H 


(6.5) 


N 


(xX,B»W’"> < e-’/-‘Cj2 {^NDT.u)'X„rj + Ce {D,n )%’"', (6.6) 


( 7 ) 


A'y/m) 


2=1 


N 


2 = 1 , 27 ^/c 


+ E"‘C(x"„C™«C.,g' '=<^' 


(6,7) 


7V-1 




(7) _ _l_ 

uj'Y,Xi,Q 


2 = 1 


+ Ce-^^-‘^'>^ ^DtuYtJr + (^nDZu) 

where the constants C does not depend on e, u. 


(7) 

ui'1,xm,Q 


( 6 . 8 ) 


The proof of this theorem is identical to that of the previous theorem. 

Theorem 26 Let a function u{x,t) G Cn^' (Q) has compact support. Let 
the support ofu{x,t) is included in Qr = {|a;| < i?, \t\ < R}. Then for an integer 
0 < j < n and for an arbitrary h > 0 


E \^'N^Dy{xR)\^^^ <c 

\a\=m.-j 


y-u)^ 


n-j 

N 


^Xa^,^)>E,n + 


\a\=m-j 


(6.9) 


(1 + fl) 

h 


\a\=m-j-l 


xl-^-^Dy{xR)\^^ 


( 0 ) 


Q 
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^ \xyDy(x,t)\‘§ <c ft'"-")’ >; + 


\a\=m-j 


\a\=m-j 


Al) 

' uj'y,x,Q 


(1 + R^-^) 

h 


\Dy{xR)\^^ ,n-j<l. 


\a\=m-j-l 

Proof. 

Let n — 1 > 0. Consider first the estimate of a derivative D^j^D'^u , |q;| 
with respect to xn- Let h > 0 and e G (0,1) be hxed. We have 

x%D,„Dy(x,t) = I + 

, ^h,x^Dy{x,t) 

+ X^ h 


= -^N J [-Dxjv-D"M(a:', xn + dh, t) - D^j^D^u{x, t)] d9+x 
0 


Ah,xj,Dy{x,t) 

h 


and evidently 

Idlal < CR 

The expression Ai we represent as 


( 0 ) 


Xn Dy{x,t)\A 


h 


= - j Aeh,xf, [x'I^D^^D'^u{xR)] d0+ 

0 

1 

+J T OhY'' — x^\ Dxj^D'^u^x', Xn + 9K)d9 = An + An- 

0 

The estimate of An is 


^ I jlAe,, xAxnD^M 


< 


{9hf 


( 6 . 10 ) 

m —1 

( 6 . 11 ) 

= ^1+^2 

( 6 . 12 ) 
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uj'y,XN,Q 


To estimate A 12 we apply the integration by parts. This gives {y = 6h) 


(6.13) 


Ai 2 = ^ [(2:7V + h)” - Dy(x', xjv + h)- 


n 


-- {xn + vT D°u{x ,xn+ y)dy 


and we obtain 


( 0 ) 


Ix'^ ^D^u{x,t)% 

1 ^ 2 ! < C(1 + ° 


Note that in the case n < 1 the derivative D^u{x,t) and we have 


{xN + yT D2 u{x',xn + y)dy 


(6.14) 


< |r>Xi,()|g> / (xn+yr-^dy < CR’'\Dy(x,t)\!g’ 


From 06.111) - 06.14^ it follows that 

il + R) " \ ^ ,n>l, 

(l + R^ y \ ^ ,n< 1. 

The estimates of other derivatives x^Dx'D^u(x,t) are completely similar and 
give for an arbitrary h > 0 




(7) 


\a\=m 


\a\=m 


{l + R) 


h 


Y1 \^N^Dy{x,t)f^'^ \ , n>l. 


\a\=m—l 


\a\=m 




\oL\=ra 
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{1 + R^) 
h 


\a\=m—l 


n < 1. 


The estimates of derivatives D'^u{x,t) of order |a| = m — j, j < n, are 
obtained in the same way. 


Corollary 27 The norms fll.lTp and fll.l9p and also the norms fll.lSp and (11.20^ 
are equivalent. 

This assertion follows from the previous theorem, from section 0] and from 
Theorem [2J 

I m+7 _ _ 

7 The spaces C^cvj’ "" (^t), ^^e case of 

an arbitrary smooth domain. 

Let n be a domain in (bounded or unbounded) with boundary dQ of the 
class Let d(x) be a function of the class with the property 


V ■ dist{x,dVt) < d{x) < V ^ ■ dist{x,dQ), ,dist{x,dil)<l, u > 0. (7.1) 

As such a function can serve, for example, the bounded solution of the problem 

Ad{x) = —l,x e n, d{x)\dn = 0. 

For x,x E fl we denote d{x,x) = max{(i(x), d(x)} and for a function v{x) denote 

\u(x) — u{x)\ 


^ ' 




\x — xr 


Define the space {fl) as the space of functions u{x) with the finite norm 


\u\ 




- i“ig’+(“)"y 


(7) 




(7.2) 


And define the space C'7J7(^) space of continuous in D functions u{x) 

with the finite norm 


lW - \'U 

' '' ^7 


_ U,|(^^+7) _ 
n^iO'y^Q 




\a\=m 


( 7 )_ 

c<j7,Q 


(7,3) 


For T > 0 denote Qt = {{x,t) : x E fl,t E (0,T)} and define the space 


C 


,m+7 


m+7 


yn,ui'y (^t) as the space of continuous in Q,t functions u{x,t) with the finite 
norm 
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I?; II ^ 


Cn 


(Qt) 


“lS+ (di^TD>{x,t)yjl^^ + {Dtuy: 

\a\=m 


iljm) 

flT 


(7.4) 


Theorem 28 Let ||m|| m +7 _ < oo. Then 


Cr, 


(Qt) 


j<n 

E E 


i=0 \a\=m—j 


{d(xr-wy) 


(7,7/m) 

t<77,Q 


+E E 

j =0 lal=m-j 


j<m—n 

E E 

j=l |a|=j 


(1-L + 

^ m — n m' 

Q 


E i« 


(7) 


x'^\uj'y,flT — 


<C\\u\ 


c, 


.m+'y 


m+T 


\a\<m—n 

If n is an integer and d{x)'^Dfu\Q^ = 0 for \a\ = m then also 


{Qt) 


(7.5) 


( 7 ) 


^ ^ x'^\w'y,VlT — 

\(y.\=m—n 


^ C rW I m +7 


a. 


{Q.t) 


(7.6) 


The proof of this theorem follows from the results of sections [Hll] and E] by lo¬ 
calisation and considering the functions m(x, t)r]{x), where r]{x) G C'°°(f2) and has 
sufficiently small support near dfl. After corresponding change of the variables 
v{x,t) = u{x,t)ri{x) can be considered in a half-space Q. The proof is pretty 
standard with the making use of the interpolation inequalities and therefore we 
omit it. 


I TO-l-7 _ 

8 Spaces "■ (Or). 

m + 7 "^ + 7 

We denote by {^t) the closed subspace of Cn,uj-/ ’ (fir) consisting of 

functions u{x, t) with the property m(x, 0) = Ut{x, 0) = 0 in f2. 

m4-'y ”^+5' _ 

Proposition 29 Let u{x,t) e T < 1. Then for I < j < n, 

I a I = m — j and with some 5 > 0 


\d{x) 

And for |a| < m — n 


I r)a 


< CT^ 


\u\ 


c. 


.Tn+'y, 


m +7 


n,a; 7,0 


(Ot) 


I n«.,,|(7>7/m) 


< cr llnl 


C, 


,m+7, 


m +7 


n,cJ7,0 


(Or) 


( 8 . 1 ) 


( 8 . 2 ) 
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Proof. 

First of all, since D^u{x, 0) = 0, 


< C < CT-’f- , (8.3) 


n,u;'Y,0 


Further, let t,t E [0,T]. Then 

\d{x)"'D2u{x,t) — d{x)^D^u{x,t)\ 

\d{x)'^-^‘^D^u{x,t) - d{x)^-^^D^u{x,t)\ ^ 
= « W-z —- |t-th< 


|t-t| 


/ 'y-\-j \ 

< {d{x)^-^^Dy)l^’ < CT^!^ 


I'^ m+'y _ 

0,0’" i^T) 


This means 


{d{xrDy)M’<.> < CT./". ||«|| . (8,4) 

<"71,1^,7,0 (“r) 

Consider now the smoothness with respect to a; - variables. Note that the function 
d{x)^D^u{x,t) has bounded gradient in a; - variables (since \a\ = m — j < m) 


A 

dxi 


d{x)"'D'^u{x, t) 


= n 


dd{x) 

dxi 


d{xY ^D’^u{x,t) + d{x)^Dx^D’^u{x,t), 


where both terms are bounded in hl-r by C* ||n|| , m+7 

0,0(^t) 

Let now x,x E Q. Consider the difference 

\d{x)^D^u{x,t) — d{x)^D'^u{x,t)\ 


A = d{x,x)^'^ 
If \x — xV > then 


X — xP 


^ ^ ^ |4(x)"-^"o;t.(x, t) I + M(x)"-^“£>>(x, f) L ,, 


< C (d(i)”-^“C>.); ’ T'-'™ < CT" 

Let now \x — x\'^ < Then 

\d{x)^D^u{x,t) — d{x)^D^u{x,t)\ 


UW . m +7 

" m+7, ^ 


C, 


A = 


\x — x\ 


n,u; 7,0 


a; — a; 


< 


(Ot) 


1-7 ^ 
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(8.5) 


< C|V„ < CT 




\U\\ I m,+7 

' fo \ 


Thus, we have proved that 


Idlx^Dy)^'^^ „ <CT^\\u\ 


,m+7, 


7n+7 


n,cJ7,0 


{Ut) 


where 5 = (1 — ^)/m. The estimate fIS.ip follows from fl8.3p - fl8.5p . 

Let now \a\ < m — n. If u is an integer, then D'^u either has bounded 
derivatives in x of order not grater thenm — n or such derivatives has the Holder 
property with arbitrary exponent 7 ' G ( 7 , 0) (if D^~^u is not bounded). In both 
cases the proof of fl 8 . 2 p is completely analogous to the proof of fl 8 .ip . 


Note that the above property for unweighted space is well known - j33], |34j . 
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